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1 Introduction

A virtual organization (VO) provides a cost-efficient method for different
autonomous entities, such as organizations, departments and individuals, to
share resources in a virtual marketplace [1–12]. This type of coalition offers
a wider range of services in a more cost- efficient and competitive way than
the classical service provisions that come from separate organizations without
cooperation.

A number of factors, technologies and parameters (e.g., independence of au-
tonomous organizations, adaptability, resilience, cost, quality of service, and
information) are considered in the automated formation and management
of VOs. Moreover, highly dynamic situations concerning the behavior of au-
tonomous entities and customers are anticipated. Therefore, knowledge man-
agement technologies [13–20], such as collaborative technologies, extensible
markup language, personal devices, wireless and fix network technology, vir-
tual reality, portals, and multi-agents, should be applied to support the oper-
ation of VOs.

Intensive research has been conducted concerning the automated management
of VOs with the use of agents [1–4,12]. The key task of resource management
(in terms of capacity versus the demands of customers) is to support the
cost-efficient service provisioning of VOs. To accomplish this goal, a suitable
procedure must be applied to determine the amount of resources necessary
to fulfill the requirements of customers. However, the literature has not dealt
with the issue of resource planning for VOs until now.

This paper presents a novel mathematical model that can be used to quan-
titatively evaluate the performance of resource management for service pro-
visioning in VOs. To the best of our knowledge, this is the first attempt at
modeling the dynamic behaviors that concern the interactions of customers
and the resource management function of a specific VO. Since an enormous
number of resource units (often of the order of several thousands or more) can
be present in a single VO environment, computation can be extremely diffi-
cult because of the state explosion problem. Until now, there have been no
numerically stable exact or approximate analytical solutions to this problem.
We present an efficient algorithm to compute the steady state probabilities
of a continuous-time discrete-state Markov (CTMC) process associated with
the proposed retrial queue, and we evaluate the performance measures. We
compare the results obtained by the proposed analytical model with a more
detailed simulation. The comparison confirms that the proposed model can
accurately estimate the amount of resources necessary to satisfy the demands
of customers. A comparison with existing analytical approaches shows that
the proposed algorithm is fast enough to compute accurate results. It can
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therefore be used for online dimensioning purposes to support the operation
of VOs.

The rest of the paper is organized as follows: in Section 2, a problem descrip-
tion is provided; in Section 3, an approximated model is presented, and a
computational algorithm is developed; in Section 4, a comparison with exist-
ing approaches and a simulation is provided to show the applicability of the
proposed model; the paper is concluded in Section 5.

2 Problem Description and the Proposed Model

The concept of VOs has been introduced and discussed in several works in
the last decade [21–24]. The main aim of VOs is to enhance the collabora-
tion for the offering of services between organizations. Advances in technology
(networking technologies such as the Internet, devices, and agents) have had
a great impact on the application of the VO concept in different areas.

It has been pointed out in several works [1–12, 21–24] that the success of a
VO largely depends on the commitment, the mutual trust and the flexibility
of the participating entities. These factors should be supported by a number
of knowledge management technologies [13, 17, 18] to achieve the goals of the
VO.

Pioneering works [1,3,9,10] have provided proof of the concept, contributing to
the framework essential to realizing VOs. Norman et al. [1] argued that agents
should play an active role in VO formation. Agents autonomously and auto-
matically make suitable decisions concerning the acquisition of information,
the representation of services, the announcement of commitments regarding
services, the participation in auctions and service delivery. Norman et al. [1]
suggested the use of a special entity responsible for managing resources to
satisfy the demands of customers. This entity is called a requirement agent
(RA) in the CONOISE framework [1].

The requirement agent acts as an interface between customers and service
providers. It receives information on services advertised by service providers
through a yellow pages agent. The RA initiates the VO formation through
the submission of a call for bids with a specific deadline to fulfill the re-
quirements previously collected from customers. Agents representing service
providers may submit their offer with certain commitments and further con-
ditions to the RA. After the expiration of the deadline, the RA decides the
rejection of some offers from a set of bidding service providers and selects
suitable service providers to establish the VO.
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The RA’s decision is based on a number of factors, such as a specific amount
and time availability of a resource offered by each service provider, the cost,
the requirements of customers, the expected rate of service requests from cus-
tomers and the Quality of Service (QoS). It is worth emphasizing that the
necessary amount of resources in the VO is the result of a trade-off between
cost-efficiency (e.g., how resources are utilized) and the QoS expectation of
customers.

Norman et al. [1] focused on the problem of a combinatorial auction approach.
The authors [1, 25] defined a mechanism (a compact and expressive bid rep-
resentation language and efficient clearing algorithms) for combinatorial auc-
tions. In [3], open semantic Web representations for expressing individual com-
mitments as constraints over service descriptions, a set of commitments as a
soft constraint satisfaction problem and a solution were provided. To support
the cost-efficient service provisioning of VOs, a suitable procedure must be
applied to determine the necessary resources for the operation of VOs.

In this paper, we model an interaction between the service requests of cus-
tomers and the resource management function of the specific VO as follows.
Let integer number c denote the normalized maximum capacity of the VO.
Each customer will request the usage of one capacity unit from the VO. Note
that this assumption does not limit the applicability of our model. For ex-
ample, if we want to determine the necessary capacity for a multiservice sce-
nario 1 , we shall apply our approach separately for each type of service. The
traffic load offered to the VO is characterized by the arrival of service requests.
The interarrival times of service requests are exponentially distributed with
a mean interarrival time of 1/λ. Holding times are exponentially distributed
with a mean value of 1/µ. Let 1 − α denote the probability that clients will
renew the use of a service unit after the expiration of its holding time. In a
renewal case, a client will request a new usage time, which is exponentially
distributed with a mean value of 1/µ.

Random variable I(t) represents the number of occupied capacity units at time
t. Therefore, 0 ≤ I(t) ≤ c holds. A client who does not receive the allocation
because of the temporary shortage (when I(t) = c) of resources sets a timer
to wait for a fixed time Tr and will retry the request upon the expiration of
the timer. We model this phenomenon as the client joins the “virtual orbit”.
Random variable J(t) (0 ≤ J(t)) denotes the number of clients in the orbit at
time t.

The resource management problem can be solved with the application of a mul-
tiserver retrial queue. The evolution of the system is modeled by a stochastic
process {I(t), J(t)}. However, there is no mathematically tractable solution

1 where a complex service package of different types of services (e.g., movies, news,
text messaging and phone) is offered by a specific VO [1].
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for the retrial queuing model with multi-servers if the number of servers is
larger than two and the retrial rate depends on the number of waiting clients
in the orbit [26–28]. Constant retrial times will further contribute to the math-
ematical intractability of the model presented above.

In what follows, we shall show that we can compute the utilization of resources
and the quantitative QoS measures (e.g., the probability that there is a tem-
porary shortage capacity in the VO and the average number of waiting service
requests) in a highly efficient way.

3 An Approximate Model and a Computational Algorithm

3.1 An Approximate Model

To have a mathematically tractable solution, we assume that the retrial rate is
independent of the number of waiting clients in the orbit. That is, the retrial
rate of clients waiting in the orbit is ν (i.e., the inter-repetition times are
exponentially distributed with parameter ν = 1/Tr). Therefore, we arrive at
an approximate model that can be described by a continuous-time Markov
chain Y = {I(t), J(t)} with state space {0, 1, . . . , c} × {0, 1, . . .}. We denote
the steady state probabilities by πi,j = lim

t→∞
Pr(I(t) = i, J(t) = j), and we

introduce vj = (π0,j, . . . , πc,j).

The evolution of CTMC Y is driven by the following dynamics.

(a) Aj(i, k) denotes a transition rate from state (i, j) to state (k, j) (0 ≤
i, k ≤ c; j = 0, 1, . . .), which is caused by the arrival of customer requests.
Matrix Aj is defined as the matrix with elements Aj(i, k). Because Aj is
j-independent, it can be written as

Aj = A =



0 λ 0 . . . 0 0 0

αµ 0 λ . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . α(c− 1)µ 0 λ

0 0 . . . 0 αcµ 0


∀j ≥ 0 .

(b) Bj(i, k) represents one step upward from state (i, j) to state (k, j + 1)
(0 ≤ i, k ≤ c; j = 0, 1, . . .). This transition is due to the arrival of requests
when no free resources are available. In a similar way, matrix Bj (B) with
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elements Bj(i, k) is defined as

Bj = B =



0 0 0 . . . 0 0 0

0 0 0 . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . 0 0 0

0 0 . . . 0 0 λ


∀j ≥ 0 .

(c) Cj(i, k) is the transition rate from state (i, j) to state (k, j−1) (0 ≤ i, k ≤
c; j = 1, . . .), which is due to the successful retrial of a request from the
orbit. Matrix Cj (∀j ≥ 1) with elements Cj(i, k) is written as

Cj = C =



0 ν 0 . . . 0 0 0

0 0 ν . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . 0 0 ν

0 0 . . . 0 0 0


∀j ≥ 1.

DA and DC are diagonal matrices whose diagonal elements are the sum of
the elements in the corresponding row of matrices A and C, respectively. The
infinitesimal generator matrix of Y can be written as follows:



A00 B 0 . . . . . . . . . . . .

C Q1 B 0 . . . . . . . . .

0 C Q1 B 0 . . . . . .

0 0 C Q1 B 0 . . .
...

...
...

...
...

...
...

. . . . . . . . . . . . . . . . . . . . .


. (1)

The balance equations are written as follows:

v0A00 + v1C = 0, (2)

vj−1B + vjQ1 + vj+1C = 0 (j ≥ 1), (3)

where A00 = A−DA −B and Q1 = A−DA −B −DC .
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One can observe that Y = {I(t), J(t)} is a Quasi Birth-Death (QBD) process.
There are two main methods for finding the steady state probabilities for QBD
processes on semi-infinite strips. The matrix-geometric [29] method and its
variants [30,31] are numerical approaches to recursively compute the minimal
nonnegative matrix solution of the matrix quadratic equation. The spectral
expansion method is based on the eigenvalues and eigenvectors of the charac-
teristic matrix polynomial [32–34]. However, the existing approaches face the
state explosion problem when c is large. Therefore, an efficient computational
algorithm is needed in the designing and dimensioning process for VOs.

3.2 An Efficient Computational Algorithm

Let Q(x) = B+Q1x+Cx2 be defined as the characteristic matrix polynomial
associated with equation (3). that can be written as:

Q(x) =



q1,1(x) q1,2(x) 0 . . . 0 0 0

q2,1(x) q2,2(x) q2,3(x) . . . 0 0 0

0 q3,2(x) q3,3(x) q3,4(x) . . . 0 0
...

...
...

...
...

...
...

0 0 . . . qc,c−1(x) qc,c(x) qc,c+1(x)

0 0 . . . 0 qc+1,c(x) qc+1,c+1(x)


,

where

q1,1(x) =−(λ+ ν)x,

qi,i(x) =−(λ+ ν + (i− 1)αµ)x (i = 2, . . . , c),

qc+1,c+1(x) =λ− (λ+ cµα)x,

qi,i+1(x) =λx+ νx2 (i = 1, . . . , c),

qi+1,i(x) =α i µ x (i = 1, . . . , c).

The steady state probabilities are closely related to the eigenvalue-eigenvector
pairs (x,ψ) of Q(x), which satisfy ψQ(x) = 0 and det[Q(x)] = 0 (see [34]). It is
clear that Q(x) has c zero-eigenvalues. The corresponding independent eigen-
vectors for c zero-eigenvalues areψ1 = [1, 0, . . . , 0],ψ2 = [0, 1, 0, . . . , 0],. . . ,ψc =
[0, 0, . . . , 1, 0].

If the system is ergodic, the number of eigenvalues inside the unit disk is
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c+ 1 (see [34]). Therefore, Q(x) should have a single eigenvalue x0 inside the
unit disk because Q(x) has c zero-eigenvalues. Let ψ0 be the corresponding
left-hand-side eigenvector of Q(λ) for the eigenvalue x0.

The steady state probabilities can then be expressed as follows:

vj = b0ψ0x
j
0 (j ≥ 1),

v0 =
c∑

k=0

bkψk, (4)

where b0, . . . , bcs are the coefficients to be determined. Because the proba-
bilities are greater than or equal to zero, 0 < x0 < 1 holds. Therefore, we
have to determine x0, ψ0, b0, . . . , bc efficiently to compute the steady state
probabilities.

Because Q(x0) is a tridiagonal matrix and qi,i(x0) 6= 0, the component matrices
of the LU decomposition of Q(x0) are written as:

L(x0) =



l1(x0) 0 0 . . . 0 0 0

αµx0 l2(x0) 0 . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . α(c− 1)µx0 lc(x0) 0

0 0 . . . 0 αcµx0 lc+1(x0)


, (5)

U(x0) =



1 u1(x0) . . . 0 0 0 0

0 1 u2(x0) . . . 0 0 0
...

...
...

...
...

...
...

0 0 . . . 0 1 uc(x0)

0 0 . . . 0 0 1


, (6)

where li(x0) (i = 1, . . . , c + 1) and ui(x0) (i = 1, . . . , c) are the elements of
L(x0) and U(x0), respectively. After simple algebra, we get:

l1(x0) = q1,1(x0) = −(λ+ ν)x0,

li(x0) + α(i− 1)µx0ui−1(x0) = qi,i(x0), (i = 2, . . . , c+ 1),

li(x0)ui(x0) =λx0 + νx20, (i = 1, . . . , c). (7)
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The determinant of Q(x0), therefore, is expressed as

det[Q(x0)] = det[L(x0)]det[U(x0)] =
c+1∏
i=1

li(x0). (8)

As the consequence of equation (7), li(x0) 6= 0 (1 < i ≤ c). Hence, det[Q(x0)] =
0 follows lc+1(x0) = 0, which means x0 is the root of lc+1(x). To compute the
root of lc+1(x) in interval (0, 1), several algorithms, such as bisection, the false
position method, Dekker’s method and Brent’s method, can be applied. In
this paper, we use Brent’s method [35] to determine x0 in interval (0, 1).

Note that the recursive relations ψ0,i = −iαµx0
li(x0)

ψ0,i+1 between ψ0,i and ψ0,i+1

(i = c, . . . , 1) are easily derived from equation ψ0Q(x0) = ψ0L(x0)U(x0) = 0.
Based on the property that multiplying an eigenvector with a scalar number
results in an eigenvector, we can determine ψ0 = [ψ0,1, ψ0,2, . . . , ψ0,c+1] by
setting ψ0,c+1 = 1 and using the recursive relations to compute ψ0,i for i =
c, . . . , 1.

From equations (2) and (4), we obtain

c∑
i=0

biψi

(
DA +B − A

)
= b0ψ0x0C,

b
(
DA +B − A

)
= b0ψ0x0C − b0ψ0

(
DA +B − A

)
, (9)

where b =
c∑
i=1

biψi = [b1, b2, . . . , bc, 0].

By expanding equation (9), we get
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λb1 − µαb2
−λb1 + (λ+ µα)b2 − 2µαb3

...

−λbi−1 + (λ+ (i− 1)µα)bi − iµαbi+1

...

−λbc−1 + (λ+ (c− 1)µα)bc

−λbc



=



- b0λψ0,1 + b0µαψ0,2

b0(x0νψ0,1 + λψ0,1 − (λ+ µα)ψ0,2 + 2µαψ0,3)
...

b0(x0νψ0,i−1 + λψ0,i−1 − (λ+ (i− 1)µα)ψ0,i + iµαψ0,i+1)
...

b0(x0νψ0,c−1 + λψ0,c−1 − (λ+ (c− 1)µα)ψ0,c + cµαψ0,c+1)

b0(x0νψ0,c + λψ0,c − (λ+ cµα)ψ0,c+1)



, (10)

which means that all bi (i = c, . . . , 1) can be expressed in b0.

Finally, the normalization equation

c∑
i=0

∞∑
j=0

πi,j =
c∑

k=1

bkψke + b0ψ0e/(1− x0) = 1 (11)

can be used to compute coefficient b0 (note that e is a vector of size c+ 1 with
all elements equal to 1). Vector b can then be determined.

In summary, the proposed algorithm consists of the following steps:

• the application of Brent’s method [35] to find root x0 of lc+1(x) in interval
(0, 1),
• the computation of ψ0 based on ψ0,i = −iαµx0

li(x0)
ψ0,i+1 and ψ0,c+1 = 1,

• the calculation of coefficient b0 based on equations (10) and (11),
• the computation of b based on equation (10).

The average number of occupied resource units characterizing the utilization
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of resources can be written as follows:

Nocc =
c∑
i=1

i
∞∑
j=0

πi,j =
c∑
i=1

i(πi,0+
∞∑
j=1

b0ψ0,i+1x
j
0) =

c∑
i=1

i(πi,0+
b0ψ0,i+1x0

1− x0
). (12)

Other performance measures that quantitatively characterize QoS are ex-
pressed as follows:

• the average number of clients waiting in the orbit

Norbit =
∞∑
j=1

j
c∑
i=0

πi,j =
∞∑
j=1

jb0
c∑
i=0

ψ0,i+1x
j
0 =

b0x0
(1− x0)2

c∑
i=0

ψ0,i+1, (13)

• the probability that all resources are occupied

∞∑
j=0

πc,j. (14)

4 Numerical Results

To validate our method, we built our own simulation program based on the
SimPack toolkit 2 . The interactions (see Section 2) between the management of
resources and the clients are implemented in the simulation model. In Figure 1,
we plot the performance measures versus c and ρ for Tr = 30, 1/µ = 30 and
120 min, and the load ρ = λ/(cµα) in interval (0, 1). Simulation results below
10−5 are not presented because reliable results could not be obtained within
a reasonable amount of time. Note that the simulation is performed with a
confidence level of 99%. The simulation is stopped when the accuracy (i.e., the
ratio of the half-width of the confidence interval and the mean of the collected
observations) of the average number of occupied resource units Nocc reaches
0.099%. The process takes several minutes with low loads and tens of minutes
with moderate loads; it takes several hours to obtain results for a high value
of c on a machine with an Intelr Xeonr E5410 2.33GHz processor.

The curves show excellent agreement between the analytical and simulated
results concerning the average number of occupied resource units and waiting
customers. The maximum difference between the simulation and analytical
results concerning Pr(I(t) = c) is only 8%. A similar agreement can also be
observed in a wide range of other parameter values.

2 http://www.cise.ufl.edu/~fishwick/simpack.html
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Figure 1. Comparison with simulation versus load ρ and c

We next compare the running time needed by different methods to get the
steady state probabilities of the QBD process described in Section 3. Four
methods are considered in the numerical comparison: the original spectral
expansion method [36], the classical matrix-geometric method based on the
successive substitution (SS) procedure [29], the variant of the matrix-geometric
method [31] and the proposed procedure. Note that both the Brent algorithm
applied in the proposed procedure and the original spectral expansion method
use the machine precision (10−16) to compute the necessary eigenvalues, while
the stopping criterion for the iterative computation of the rate matrix by the
successive substitution (SS) procedure [29] and the method of Naoumov et
al. [31] is 10−10.
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Figure 2. Computational time versus c (α = 0.5, 1/µ=120 min, 1/ν=0.5 min,
ρ = λ/(cµα) = 0.9)

In Figure 2, we plot the computational time of the methods (implemented in
Mathematica) versus c on a machine with an Intelr Xeonr E5410 2.33GHz
processor for parameters α = 0.5, 1/µ=120 min, 1/ν=0.5 min and ρ =
λ/(cµα) = 0.9. We can observe from Figure 2 that the proposed method
has the smallest computation time among the methods. Moreover, the origi-
nal spectral expansion method, the classical matrix-geometric method and the
Naoumov et al. method fail with large values of c (e.g., c > 600) due to the
state explosion problem. The classical matrix-geometric method needs more
than 2 hours, and the Naoumov et al. method takes approximately 2 hours
to get results for c = 600. The classical spectral expansion method could not
give reliable numerical results for c > 300 because a large value of c gives rise
to an ill-conditioned linear system of algebraic equations, while the proposed
method takes a remarkably short time (approximate 30 s) to compute results
for a much higher c value (c = 100000). Our approach is also much faster than
the simulation. Several minutes are needed to obtain simulation results when
c = 200, and a long running time is needed to get simulation results for a large
value of c.

For 1/µ = 30 and 120 min and α = 0.1 and load ρ = λ/(cµα) = 0.9, we
plot the performance measures versus Tr in Figure 3. Note that the practical
range of Tr is chosen at around 30 s to take into account the “impatience
of customers. It is observed that the increase of Tr results in the decrease of
Pr(I(t) = c) and the increase of Norbit, while Tr in the investigated range does
not have an impact on Nocc.
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Figure 3. Performance measures versus Tr (in min) by the analytical method

5 Conclusions

We have examined the role and impact of resource dimensioning in VO forma-
tion and operation. We have also presented a queueing model for the perfor-
mance evaluation of resource provisioning in VOs. To obtain a tractable and
efficient solution, we have proposed an approximated model and a fast com-
putational algorithm. The simulated and analytical results are in close agree-
ment, which confirms that our model can accurately compute the performa-
bility measures. The comparison with existing numerical approaches shows
the clear advantage of the proposed method. In particular, our method can

14



rapidly compute the steady state probabilities of the resource contention prob-
lem in a VO environment. Therefore, it can be a useful tool for online resource
dimensioning to support the formation and operation of VOs.
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