Pr.11. Stochastic process having 4 realisations
In the range of (0,T) with given probabilities:
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a) Stationarity?

b) Correlation function’s values?

c) Probability distribution function’s values?
d) Joint (2 dimensions) PDF values?
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Pr. 1. c) Probability distribution function
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Pr. 1. d) Joint PDF (for 2 dimensions)

d1) Let t, and t, S p01 ]
thl,gtl (X1’ Xz) — P(§t1 < X ftz < Xz) = &t(z)zo“ ) _T
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Pr.2. Investigate the stationarity
of stochastic processes:

a) &, = U, -sin.Q2t, where 2

IS a uniformly distributed
random variable over (0.1 B , B)
and U, is a constant

b) &, =mn-coskFt, where n

IS a uniformly distributed
random variable over (0, 2)
and F is a constant



Pr.13. Let {&;,t e(-»,%)}a wide sense stationary
process, and ® an independent random variable,
uniformly distributed over (0, 2x]. Calculate the
correlation function of process 7, If

M, =&, -Cos(Qt + @),and R, (1) Is given.

Solution:
L, (t,8) = MIE, -cos(Qt + D) -, -coS(QY + D) ] =

indpt

=MIE, - &, -cos(Q2t + D) -cos(Q23 + D)] =
=MIE, -&,]-M[cos(Qt + D) -cos(28 + D) ] =
=R, (t—3)-M[cos(Qt + @) -cos(QY + P)] =
= R, (1) - M[cos(Qt + D) -cos(Q23 + D)]




L et us calculate the mean:
2 2

L (t,9)= U? [{cos(t + 9) + 20] + cos[Q(t - 9)]}-2i A =

T
U? U?
=—-[0+27-cosQ(t —9)]=—-cosQ(t —F)
A 2
Conclusion:

L. (t,9) = RV(T)=U72-COSQT

Going back to N:
L, (t,8) = R.(1) - M[cos(Qt + D) -cos(23 + D) ] =

=R, (1) = % R, (1)-Cc0sQt

Check the stationarity of 1‘['



Pr.4. Let € a stochastic process given by
Its sample functions:

g(l) A
t 1 | | | t P1
0 T
2)
1 R P>
0 T
gt(g) A p
| ;t 3
0 T
(4) A
S 1 o P4
0 t, t, t, T

a) What probabilities of realizations can result in the
independence of random variables &; ;g &y 7



a) What conditions are needed for independence?

joint probabilities must be e 4 B
equal to the multiplication 5 | e
of standalone ones g, ]
The two random variables &, o T
and &, are binary, thus their o 1
joint events have four values, 0 =
namely: 00, 01, 10 and 11 g 4
The condition of independence: s ’ o
P(E,'tl = Oﬂétz =0) = D(E,»tl =0)- D(E,»tz =0)
P(‘itl = Oﬂ§t2 =1)= 3(§t1 =0)- 3(§t2 =1)
P(gtl = 1ﬂét2 =0) = D(E..tl =1)- D(ﬁtz =0)
P(atl = 1ﬂat2 =1) = 3(§t1 =1)- D@tz =1)
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Calculate the probabilities occuring in these equations

P(&tlzoﬂ&»tZ:o): P(E.MZO)'P(EJtz:O) : 4

P(itl = Oﬂitz =1) = P(atl =0)- P(itz =1)
P(ﬁtl =1ﬂcit2 =0) = P(‘itl =1)- P(&.:tZ =0)
P(E,‘tl :1ﬂ€:-t2 =1) = P(Estl =1)- P(E.-tZ =1)

Joint probabilities:

P(&, =0MN&;, =0)=p,
P(&;,=0MNE,=1)=p,
P(€,=1MN¢&;, =0)=p,
P(E,, =1NE;, =1) = p,
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Standalone probabilities:

P(&;=0)=p, +P;
PEu=1)=p+P,
P&, =0)=p,+ P,
P&, =1)=p,+ P,

P2

P3

P4



Substitutung into the equations:

P(&,=0ME&,=0)=P(§,=0)-P(§,=0)
P&, =0MNE&,=1)=P(§;=0)-P(§,=1)
P(&;=1M&,;=0)=P(§,;=1)-P(§,=0)
P(E;=1NE&,=1)=P(§;=1)-P(§,=1)

we get:
03 :(02 T 03)’(31+ ps)

0, :(02+ C)3)'(32"' p4)
Dlz(pl'l' p4)'(p1+ p3)
0, :(p1+ p4)’(p2+ p4)

and a possible solution?




§(1> A p,=1/4
b) Check the stationarity of §, !  — =
(using p,=p,=p;=p,=1/4) ét@)l“ p,=1/4
0 TI_'t
£® p3=1/4
First we check mean values at | OI "
different times: e 4 pa=1/4
1
1 1 1 0 t, t, ty T g
M atl =P l+pl=—+—=—
4 4 2
1 1 1
M ‘itz =P+ pl=—+—=—
4 4 2
1 1 1
M‘itg =p-1+p,- 1—2 ZZE s this process

eventually
stationary?



To get an answer, S -
we should check the correlation ’ !
function " -

taking the correlation, for wo '
example, over a time difference  ° OT .
of less then T/3, five different e 1

ranges can be found:

for rl ot Yt

ME & =p,-11=1/4 o
for r2

M ﬁtz '§t3 =p,-1-1=1/4

but for r3, r4 and r5
ME, & =1/2

Thus we can conlude: the process is nonstationary.
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Pr. 21. Calculate the spectral density of
“random data” signal, or random binary wave

* |t Is a stochastic process characterized by a
typical sample function:

U -+ —l— — E—

of |[s 1T
u - - -

« The values U and -U correspond to Oand 1 as a
series of independent random binary variables
determined by tossing a fair coin

« The beginning of a starting point of T is delayed
by o that is arandom variable, uniformly
distributed over [0, T)




« How can we calculate spectral density?
—first: we determine correlation function
—second: take the Fourier transform of it

Rg(t,9)=|\/|§t§9= Z le'xz'P[(ft: 1)“(519:)(2)]:

X]_:—U X2:_U

= U2 {P[(& = U)N (&, = V) ]+ P[(& =-U)N (&, =-V)]}-

- U2 {P[(& =-U)N (&, = V)]

e Calculate the function for

+P[(& =U)N(E, =-V)]}
t—9>T

* In this case the random variables & and &, are

Independent and the mean
indpdt

Rg(tﬂg): MG, -Gy =

t—8|>T

valueis 0

ME&-M&; =0



 The semi-result R
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 What about between -T and T ?
e If t-9<T then P(edgeof T is between tand 3)="7

e Sincedis . Ts
uniformly distributed over [0, T) ‘ ‘ T
ot @7

t—9
P(edge of T is betweentand 9)=P(t<d< 9) = ‘ ‘

o If thereis no edge between t and 0 then the samples
are the same

e thus



Rg (t’ '9) — Mft '519

e The final result
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 The spectral density is the Fourier transform ... =

U®-T(sin<
S () = -
27 o

0

—(sinx/x)"2 sinx/x




Pr. 22. Calculate the correlation function of
random process &, If s,(w) IS given:

Sé((o) A
P,/2B

B 0 B

 the process is named as band-limited with constant
spectral density

e correlation function

_ _alot _ 0 Jot _
Rg(r)—:[osg(a)) e dw_—ZB_-Le do =

_ Py P e sinBr
2B |t ° Br
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