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7UDIILF�)ORZ�$QDO\VLVIRU�)DVW�3HUIRUPDQFH�(VWLPDWLRQRI�&RPPXQLFDWLRQ�6\VWHPV
*iERU�/HQFVH
'HSDUWPHQW�RI�7HOHFRPPXQLFDWLRQV��6]pFKHQ\L�,VWYiQ�8QLYHUVLW\�RI�$SSOLHG�6FLHQFHV��*\�U��+XQJDU\
7KH� WUDIILF�IORZ� DQDO\VLV� �7)$�� LV� D� SURPLVLQJPHWKRG� IRU� WKH� SHUIRUPDQFH� HVWLPDWLRQ� RI� FRPPXQL�FDWLRQ� V\VWHPV�� � 7)$� SURGXFHV� DSSUR[LPDWH� UHVXOWVZLWK�PXFK�OHVV�FRPSXWDWLRQ��WKDW�LV��PXFK�IDVWHU��WKDQGLVFUHWH�HYHQW�VLPXODWLRQ�RI�WKH�V\VWHP�,Q� WKH� ILUVW� VWHS�� 7)$� GLVWULEXWHV� WKH� WUDIILF� LQXQLWV�RI�SURSHUO\�FKRVHQ�VL]H�XVLQJ�WKH�DFWXDO�URXWLQJDOJRULWKP� RI� WKH� QHWZRUN�� � ,Q� WKH� VHFRQG� VWHS�� 7)$DGMXVWV�WKH�WLPH�GLVWULEXWLRQ�RI�WKH�WUDIILF�DFFRUGLQJ�WRWKH�ILQLWH�FDSDFLWLHV�RI�WKH�QHWZRUN�,W�ZDV�IRXQG�WKDW�WKH�UHVXOWV�RI�7)$�DSSUR[LPDWHWKH�UHVXOWV�RI�WKH�DQDO\WLFDO�PHWKRG�ZHOO�

.H\ZRUGV�� FRPPXQLFDWLRQ� QHWZRUNV�� SHUIRUPDQFHDQDO\VLV�� WUDIILF�PRGHOOLQJ�� GLVFUHWH�HYHQW� VLPXODWLRQ�LPSRUWDQFH�VDPSOLQJ
����,QWURGXFWLRQ6LPXODWLRQ� LV� D�ZLGHO\� XVHG�PHWKRG� IRUWKH� SHUIRUPDQFH� DQDO\VLV� �-DLQ�� ������ RIFRPPXQLFDWLRQ� V\VWHPV�� � 7KHUH� LV� D� ODUJHQXPEHU�RI�YDULRXV�PHWKRGV�XVHG�WR�GHVFULEHWKH�EHKDYLRXU�RI�FRPSOH[�V\VWHPV���%DQNV�HWDO��� ������%UDWOH\� HW� DO��� ������ -iYRU�� �����-iYRU�� ������ � 7KH� VLPXODWLRQ� RI� ODUJH� DQGFRPSOH[�V\VWHPV�UHTXLUHV�D� ODUJH�DPRXQW�RIPHPRU\� DQG� FRPSXWLQJ� SRZHU� WKDW� LV� RIWHQDYDLODEOH� RQO\� RQ� D� VXSHUFRPSXWHU�� � (IIRUWVDUH� PDGH� WR� XVH� PXOWLSURFHVVRU� V\VWHPV� RUFOXVWHUV� RI� ZRUNVWDWLRQV�� � 7KH� FRQYHQWLRQDOV\QFKURQLVDWLRQ�PHWKRGV�IRU�SDUDOOHO�VLPXOD�WLRQ��H�J���FRQVHUYDWLYH��RSWLPLVWLF���)XMLPR�WR��������XVH�HYHQW�E\�HYHQW�V\QFKURQLVDWLRQ

DQG� WKH\�DUH�XQIRUWXQDWHO\�QRW� DSSOLFDEOH� WRDOO� FDVHV�� RU� GR� QRW� SURYLGH� WKH� GHVLUDEOHVSHHGXS�� � 7KH� FRQVHUYDWLYH� PHWKRG� LV� HIIL�FLHQW�RQO\�LI�FHUWDLQ�VWULFW�FRQGLWLRQV�DUH�PHW�7KH�PRVW� SRSXODU� RSWLPLVWLF�PHWKRG� �7LPH:DUS���-HIIHUVRQ�HW�DO���������RIWHQ�SURGXFHVH[FHVVLYH�UROOEDFNV�DQG�LQWHU�SURFHVVRU�FRP�PXQLFDWLRQ���7KH�6WDWLVWLFDO�6\QFKURQLVDWLRQ0HWKRG�SURSRVHG�E\�3RQJRU��3RQJRU�������GRHV� QRW� H[FKDQJH� LQGLYLGXDO� PHVVDJHVEHWZHHQ� WKH� VHJPHQWV� EXW� UDWKHU� WKHVWDWLVWLFDO� FKDUDFWHULVWLFV� RI� WKH� PHVVDJHIORZ�� � 7KH� PHWKRG� FDQ� SURGXFH� H[FHOOHQWVSHHG�XS� �/HQFVH�� ����D�� EXW� KDV� D� OLPLWHGDUHD�RI�DSSOLFDWLRQ��/HQFVH��������,Q� WKLV� SDSHU� ZH� SURSRVH� D� VLPXODWLRQ�OLNH�PHWKRG�IRU�WKH�IDVW�SHUIRUPDQFH�DQDO\VLVRI�FRPPXQLFDWLRQ�V\VWHPV�� �/HW�XV�FRQVLGHUWKH� W\SLFDO� FRQGLWLRQV� RI� WKH� VLPXODWLRQ� RIFRPPXQLFDWLRQ�V\VWHPV���'XULQJ�WKH�VLPXOD�WLRQ�ZH�LPLWDWH�WKH�RSHUDWLRQ�RI�WKH�QHWZRUN�7UDIILF�VRXUFHV�SURGXFH�WUDIILF�ZLWK�WKH�VDPHWLPH�� DQG� SDFNHW� OHQJWK� GLVWULEXWLRQV� DV� LQWKH�PRGHOOHG� QHWZRUN�� �:H� DOVR�PRGHO� WKHURXWLQJ� DOJRULWKP� DV� ZHOO� DV� WKH� OLQH� DQGVZLWFKLQJ�FDSDFLWLHV�RI�WKH�QHWZRUN���'XULQJWKH� H[HFXWLRQ� RI� WKH� VLPXODWLRQ� ZH� FROOHFWVWDWLVWLFV� WR� GHWHUPLQH� WKH� FKDUDFWHULVWLFV� RIWKH�V\VWHP�ZH�QHHG���7KH�DFFXUDF\�RI�WKH�UH�VXOWV� GHSHQGV� RQ� ERWK� WKH� DFFXUDF\� RI� RXUPRGHO� DQG� WKH� VWDWLVWLFV� FROOHFWLRQ� PHWKRGZH� XVH�� � 7R� FROOHFW� WKH� UHTXLUHG� QXPEHU� RIREVHUYDWLRQV�� ZH� PXVW� H[HFXWH� WKH� VLPXOD�WLRQ� LQ�D�YLUWXDO� WLPH� LQWHUYDO�RI�DSSURSULDWHOHQJWK�� � ,Q� WKH� FDVH� RI� D� ODUJH� DQG� FRPSOH[
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V\VWHP�� WKH� H[HFXWLRQ� UHTXLUHV� D� KXJH�QXP�EHU�RI�FRPSXWDWLRQ�F\FOHV��DQG�VRPHWLPHV�LWWDNHV�KRXUV�RU�GD\V� WR� SURGXFH� WKH� UHTXLUHGUHVXOWV�� � 7KLV� LV� QRW� DFFHSWDEOH� LQ� WKH� HDUO\VWDJH�RI� WKH�GHVLJQ�RI� D�QHWZRUN��ZKHQ� RQHZRXOG�OLNH�WR�FKHFN�RQH
V�FRQFHSWV��RU�ZDQWVWR� KDYH� D� ORRN� TXLFNO\� DW� WKH� UHVXOWV� RI� WKHFKDQJHV� PDGH�� � 7KH� WUDIILF�IORZ� DQDO\VLV�7)$�� FDQ� IXOILO� WKLV� QHHG�� � 7)$� LV� DFRPELQDWLRQ� RI� VLPXODWLRQ� DQG� DQDO\WLFDODQG�RU� QXPHULFDO�PHWKRGV�� � 8QOLNH� GHWDLOHGVLPXODWLRQ�� 7)$� GRHV� QRW� GLVWULEXWH� WKHWUDIILF�LQ�WKH�QHWZRUN�SDFNHW�E\�SDFNHW�EXW�LQODUJHU� XQLWV� RI� FDUHIXOO\� FKRVHQ� VL]H�� � 7)$GHWHUPLQHV�WKH�WLPH�GLVWULEXWLRQ�RI�WKH�WUDIILFVHSDUDWH� IURP� WKH� VSDWLDO� GLVWULEXWLRQ�� � 7KHFRPSXWDWLRQDO�FRVW�RI�WKH�ZKROH�SURFHGXUH�±DQG�LQ�WKLV�ZD\�WKH�H[HFXWLRQ�WLPH�WRR�±�PD\EH�PXFK�OHVV�WKDQ�WKDW�RI� WKH�GHWDLOHG�VLPX�ODWLRQ�RI�WKH�V\VWHP�7KLV�SDSHU�LV�RUJDQLVHG�DV�IROORZV���ILUVW�D� JHQHUDO� GHVFULSWLRQ� RI� 7)$� LV� JLYHQ�� WKHQWKH�VHOHFWHG�WUDIILF�PRGHO�LV�GHSLFWHG�LQFOXG�LQJ� LWV� RSHUDWLRQV�� QH[W� VRPH� FULWLFDOTXHVWLRQV� DUH� GLVFXVVHG�� DIWHUZDUGV� DQ� LP�SOHPHQWDWLRQ�RI�WKH�PHWKRG�LV�VKRZQ��ILQDOO\D�FDVH�VWXG\�LV�JLYHQ��7)$�LV�FRPSDUHG�ZLWKWKH�SXUH�DQDO\WLFDO�PHWKRG�7KLV� WRSLF� ZDV� LGHQWLILHG� DV� EHLQJ� RILPSRUWDQFH� LQ� WKH� IDVW� SHUIRUPDQFH� DQDO\VLVRI�ODUJH�FRPPXQLFDWLRQ�V\VWHPV�
����*HQHUDO�'HVFULSWLRQ�RI�WKH0HWKRG
������7KH�QHWZRUNLQJ�PRGHO�RI�WKH�WUDIILF�IORZ�DQDO\VLV7KH� WUDIILF�IORZ� DQDO\VLV� DVVXPHV� WKDWWKH� PRGHO� RI� WKH� QHWZRUN� LV� EXLOW� XS� E\QRGHV �URXWHUV��VZLWFKHV��HWF���DQG�WUDQVPLV�VLRQ� OLQHV�� 7KH� WUDIILF� RI� WKH� QHWZRUN� LVJHQHUDWHG�E\�DSSOLFDWLRQ�PRGHOV FRQQHFWHGWR�WKH�QRGHV���7KH�LQWHQVLW\�DQG�WKH�WLPH�GLV�WULEXWLRQ� RI� WKH� WUDIILF� DUH� GHVFULEHG� E\� DPDWKHPDWLFDO�PRGHO��W\SLFDOO\�VWDWLVWLFV��

7)$�LV�D�JHQHUDO�PHWKRG�ZKLFK�FDQ�ZRUNZLWK� YDULRXV� WUDIILF� PRGHOV� DQG� URXWLQJDOJRULWKPV���7KH�UHTXLUHPHQWV�IRU�WKH�WUDIILFPRGHO�ZLOO�EH�JLYHQ�DIWHU� WKH�EDVLF�GHVFULS�WLRQ�RI�WKH�RSHUDWLRQ�RI�7)$�
������7KH�RSHUDWLRQ�RI�WKH�PHWKRG$�SURJUDP�ZKLFK�GRHV�WUDIILF�IORZ�DQDO�\VLV�RQ�WKH�PRGHO�RI�D�QHWZRUN�SURGXFHV�UH�VXOWV�LQ�WZR�SKDVHV�3KDVH��������'HWHUPLQLQJ�WKH�VSDWLDO�GLVWULEX�WLRQ�RI�WKH�WUDIILF,Q�WKH�ILUVW�SKDVH�� WKH�DSSOLFDWLRQV�LQ� WKHPRGHO� VHQG� WKH� JHQHUDWHG� WUDIILF� WR� WKHLUGHVWLQDWLRQV� LQ� URXWLQJ� XQLWV RI� SDUDP�HWULVHG� VL]H�� � �5RXWLQJ� XQLWV� DUH� WKH� EDVLFSRUWLRQV� RI� WKH� WUDIILF� WKDW� DUH� KDQGOHGWRJHWKHU��� � 7KH� QRGHV� IRUZDUG� WKH� URXWLQJXQLWV� DFFRUGLQJ� WR� WKH� URXWLQJ� DOJRULWKP� RIWKH�PRGHOOHG�QHWZRUN�ZKLOH�WKH�OLQHV�DQG�WKHQRGHV�UHFRUG�WKH�FKDUDFWHULVWLFV�RI�WKH�WUDIILFIORZLQJ� WKURXJK� WKHP�� � 7KH� QRGHV�PD\� XVHWKH� OLQH� FDSDFLW\� YDOXHV� IRU� WKH� URXWLQJGHFLVLRQV�� EXW� WKH� WLPH� GLVWULEXWLRQ� RI� WKHWUDIILF� LV� QRW� LQIOXHQFHG� E\� WKH� ILQLWHFDSDFLWLHV� RI� WKH� OLQHV� DQG� QRGHV� LQ� WKLVSKDVH�� � 7KH� WLPH� GLVWULEXWLRQV� RI� WKH� WUDIILFWUDQVIHUUHG� RQ� YDULRXV� HOHPHQWV� RI� WKHQHWZRUN�DUH� VWRUHG� DW� WKH� HOHPHQWV� DQG�ZLOOEH�VXPPHG�XS�LQ�WKH�VHFRQG�SKDVH�DFFRUGLQJWR�WKH�PHWKRG�GHVFULEHG�WKHUH�3KDVH��������'HWHUPLQLQJ�WKH�WLPH�GLVWULEX�WLRQ�RI�WKH�WUDIILF,Q�WKH�VHFRQG�SKDVH��ZH�PXVW�VXP�XS�WKHWUDQVIHUUHG� WUDIILF� IRU� WKH� OLQHV� DQG� QRGHV�7KH� DGGLWLRQ� XVHV� WKH� DGGLWLRQ� RSHUDWLRQ� RIWKH�WUDIILF�PRGHO���7KH�RSHUDQGV�DUH�VXPPHGXS�ILUVW�DQG� WKH�ILQLWH�FDSDFLW\� LV�RQO\� WDNHQLQWR� FRQVLGHUDWLRQ� DW� WKH� HQG�� � 7KLV�PHWKRGZLOO�EH�GHWDLOHG�ZKHQ�GLVFXVVLQJ�WKH�VHOHFWHGWUDIILF�PRGHO�
������5HTXLUHPHQWV�IRU�WKH�WUDIILF�PRGHO7KH�WUDIILF�PRGHO�PXVW�IXOILO�WKH�IROORZ�LQJ�UHTXLUHPHQWV�
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x� ,W� LV� SRVVLEOH� WR� GHVFULEH� WKH� LQWHQVLW\DQG�WLPH�GLVWULEXWLRQ�RI�WKH�WUDIILF�E\�DPDWKHPDWLFDO�PRGHO� FDOOHG� WKH� WUDIILFPRGHO�x� 7KH�WUDIILF�PRGHO� LV�FORVHG�IRU� WKH�RS�HUDWLRQ�RI�DGGLWLRQ��WKDW�LV�WKH�VXPPHGXS�WUDIILF�ZLOO�EH�FKDUDFWHULVHG�ZLWK�WKHVDPH�PHWKRGV�DV�LWV�FRPSRQHQWV�x� ,W� LV� SRVVLEOH� WR� FDOFXODWH� WKH� HIIHFW� RIWKH� ILQLWH� FDSDFLWLHV� RI� WKH� QRGHV� DQGOLQHV� WR� WKH� WLPH� GLVWULEXWLRQ� RI� WKHWUDIILF�� � �7KH� WUDIILF�PRGHO� LV� QRW� QHF�HVVDULO\�FORVHG�IRU�WKLV�FDOFXODWLRQ��x� )RU�DOO�WKH�VRXUFH�DQG�GHVWLQDWLRQ�QRGHSDLUV�� WKH� WUDIILF� RI� DOO� WKH� DSSOLFDWLRQPRGHOV� RI� WKH� VDPH� FODVV� �H�J�� ILOHWUDQVIHU��9R,3��YLGHR�FRQIHUHQFH��ZHE�HWF���FDQ�EH�KDQGOHG�WRJHWKHU�RU�HYHQ�LQXQLWV� RI� DUELWUDU\� VL]H�� � DV� DJJUHJDWHGWUDIILF�PRGHO�x� 7KH� WUDIILF�RI�DOO� WKH� VRXUFH�DQG�GHVWL�QDWLRQ� QRGH� SDLUV� FDQ� EH� KDQGOHG� LQDUELWUDU\�RUGHU�
������:KDW�DUH�WKH�FDSDELOLWLHV�RI�WKHWUDIILF�IORZ�DQDO\VLV"7)$� LV� DEOH� WR� GHWHUPLQH� VRPH� FODVVLFVWDWLVWLFDO�FKDUDFWHULVWLFV�RI�WKH�WUDIILF�RQ�WKHQRGHV� DQG� OLQHV� RI� WKH� QHWZRUN� VXFK� DVWKURXJKSXW��GHOD\��HWF�7)$� WHOOV� XV� WKH� VWHDG\� VWDWH� EHKDYLRXURI�WKH�QHWZRUN�7KH� DSSOLFDWLRQ� PRGHOV� KDQGOH� WRJHWKHUWKH� WUDIILF� RI� VHYHUDO� DSSOLFDWLRQV�� WKDW� HYHQDORQH�PD\�FRQVLVW�RI�ODUJH�QXPEHU�RI�VHQW�UH�FHLYHG� SDFNHWV�� � $V� 7)$� WDNHV� VWDWLVWLFVWKURXJK�WKH�QHWZRUN��WKH\�GR�QRW�QHHG�WR�EHFROOHFWHG� RQ� WKH� EDVLV� RI� D� ODUJH� QXPEHU� RIREVHUYDWLRQV�� �7KLV�ZD\��WKH�H[HFXWLRQ�WLPHRI�WKH�7)$�RI�D�V\VWHP�PD\�EH�D�IUDFWLRQ RIWKH�H[HFXWLRQ�WLPH�RI�WKH�GHWDLOHG�VLPXODWLRQRI�WKH�VDPH�V\VWHP���2I�FRXUVH��WKH�FKRLFH�RIWKH�VL]H�RI�WKH�URXWLQJ�XQLW��VHH�������DQG�WKHFKDUDFWHULVWLFV� RI� WKH� WUDIILF� PRGHO� DUH

FRPSURPLVHV� EHWZHHQ� WKH� VSHHG� DQG� WKHDFFXUDF\�$V�ZH� KDYH�PHQWLRQHG�� 7)$� WDNHV� LQWRFRQVLGHUDWLRQ� WKH� HIIHFW� RI� WKH� ILQLWHFDSDFLWLHV�RI�WKH�QRGHV�DQG�OLQHV�WR�WKH�WLPHGLVWULEXWLRQ� RQO\� DIWHU� WKH� VSDWLDO� GLVWULEX�WLRQ�� � :KDW� DUH� WKH� FRQVHTXHQFHV"� � /HW� XVFRQVLGHU� DQ� HQG�WR�HQG� SDWK� WKDW� FRQWDLQV� DERWWOHQHFN�� D� UHODWLYHO\� ORZ� FDSDFLW\� OLQH�7KLV�ORZ�FDSDFLW\�OLQH�FKDQJHV�WKH�WLPH�GLV�WULEXWLRQ� RI� WKH� WUDIILF� IRU� WKH� UHPDLQGHU� RIWKH� SDWK� LQ� WKH� UHDO� V\VWHP�� EXW� QRW� LQ� WKH7)$�PRGHO�� �)RU� WKLV� UHDVRQ��7)$�GRHV�QRWJLYH� XV� DQ� H[DFW� SLFWXUH� RI� WKH� WUDIILFFRQGLWLRQV� RI� WKH� QHWZRUN�� � +RZHYHU�� LW� LVVWLOO�DEOH�WR�VKRZ�LI�WKHUH�LV�D�ERWWOHQHFN�LQWKH�QHWZRUN��DQG�LI�WKHUH�LV�RQH��7)$�VKRZVZKHUH� LW� LV�� � 7KH� HIIHFWLYH� VROXWLRQ� RI� WKLVLPSRUWDQW�SUREOHP�MXVWLILHV�WKH�7UDIILF�)ORZ$QDO\VLV�
����7KH�6HOHFWHG�7UDIILF�0RGHO)RU� WKH� GHVFULSWLRQ� RI� WKH� LQWHQVLW\� DQGWLPH�GLVWULEXWLRQ�RI�WKH�WUDIILF��ZH�FRXOG�XVHDQ\�PDWKHPDWLFDO� RU� VWDWLVWLFDO� FKDUDFWHULVD�WLRQ� IRUP� WKDW� FRPSOLHV� ZLWK� WKH� UHTXLUH�PHQWV�DERYH��KRZHYHU��QRZ�ZH�ZLOO�XVH�WKH3')�RI� WKURXJKSXW DQG� WKH�3')�RI�GHOD\�7KH\� FDQ� EH� LQWHUSUHWHG� DV� IROORZV�� � LI� WKHYDOXH� RI� WKH� SUREDELOLW\� GHQVLW\� IXQFWLRQ� RIWKH� WKURXJKSXW� GLVWULEXWLRQ� LV� S�[� DW� WKHSRVLWLRQ� RI� [�� LW� PHDQV� WKDW� WKH� WKURXJKSXWWDNHV� WKH�YDOXH�[ E\� WKH�SUREDELOLW\� RI�S�[��6LPLODUO\��WKH�SUREDELOLW\�GHQVLW\�IXQFWLRQ�RIWKH� GHOD\� VKRZV� WKH� SUREDELOLW\� RI� WKHYDULRXV�YDOXHV�RI�WKH�GHOD\�7KH� WUDIILF� PRGHO� VKRXOG� EH� DEOH� WRGHVFULEH� WKH� WUDIILF� DGHTXDWHO\� ERWK� LQ� WKHQRGHV� DQG� RQ� WKH� OLQHV�� �:H� DSSO\� WKH� ELW�WKURXJKSXW� DQG� SDFNHW�WKURXJKSXW� GLVWULEX�WLRQV�IRU�WKHVH�SXUSRVHV���2QO\�WKH�3')¶V�RIWKH� WUDIILF� JHQHUDWHG� E\� WKH� DSSOLFDWLRQPRGHOV� DUH� FRQVLGHUHG� IRU� WKH� WKURXJKSXWDQDO\VLV� RI� WKH�QHWZRUN��7KH�GHOD\�GLVWULEX�WLRQV�DUH�GHWHUPLQHG�RQO\�DIWHU� VXPPLQJ�XSWKH� WUDIILF� RQ� WKHVH� HOHPHQWV�� ZKHQ� WDNLQJ



�

LQWR� FRQVLGHUDWLRQ� WKH� ILQLWH� OLQH� DQG� QRGHFDSDFLWLHV�
������7KH�GHULYDWLRQ�RI�WKH�WKURXJKSXW8QGHU� WKURXJKSXW� ZH�PHDQ� WKH� QXPEHURI�ELWV�RU�SDFNHWV�DUULYHG�LQ�D�WLPH�LQWHUYDO�RI7 OHQJWK�� � 7KH� YDOXH� RI� WKH� 7 SDUDPHWHUGUDVWLFDOO\� LQIOXHQFHV� WKH� �REWDLQHG� WKURXJK�SXW�GLVWULEXWLRQ���:H�XVH�WKH�H[DPSOH�RI�WKHELW�WKURXJKSXW� GLVWULEXWLRQ� RI� WKH� OLQHV� IRURXU� FRQVLGHUDWLRQV�� � $� OLQH� FDQ� KDYH� RQO\WZR� VWDWHV�� HLWKHU� LW� FDUULHV� WUDIILF� RU� QRW��0XOWLSOH[HG�FKDQQHOV�DUH�WUHDWHG�DV�VHSDUDWHOLQHV��� �,Q�WKLV�ZD\��LI�7o��WKHQ�WKH�3')�RIWKH�ELW�WKURXJKSXW�RI�WKH�OLQH�FRQVLVWV�RI�WZRLPSXOVHV�� RQH� RI� WKHP� FDQ� EH� IRXQG� DW� �WKURXJKSXW�DQG�WKH�RWKHU�RQH�LV�ORFDWHG�DW�WKHOLQH�FDSDFLW\�� �7KHLU�KHLJKW�JLYHV� WKH�SURED�ELOLW\�RI� WKH�HPSW\�RU�EXV\�VWDWH�RI� WKH� OLQH�,I�7of�� WKHQ� WKH�3')�RI� WKH� ELW�WKURXJKSXWRI� WKH� OLQH� LV�D� VLQJOH� LPSXOVH�RQO\� WKDW�FDQEH�IRXQG�DW�WKH�H[SHFWHG�YDOXH�RI�WKH�WUDIILF�%RWK�FDVHV�SURGXFH�XVHOHVV�UHVXOWV�IRU�XV�:H�VKRXOG�FKRRVH�WKH�YDOXH�RI�7 VR�WKDWWKH�UHVXOWHG�3')�RI�WKH�ELW�WKURXJKSXW��FKDU�DFWHULVHV�WKH�WUDIILF�RI�WKH�DSSOLFDWLRQ�PRGHOWKH�EHVW��WKDW�LV��WKH�3')�RI�WKH�ELW�WKURXJK�SXW�FDUULHV�WKH�PRVW�LQIRUPDWLRQ�RI�WKH�DSSOL�FDWLRQ�ZH�PRGHO��� �2I�FRXUVH�� LW� LV�QRW�HDV\WR� PHDVXUH� WKDW�� � )RU� WKH� GHWHUPLQDWLRQ� RISDUDPHWHU�7��ZH�VWDUW�IURP�WKH�SXUSRVH�RI�WKHWUDIILF�IORZ�DQDO\VLV���$�NH\�TXHVWLRQ�FDQ�EH�ZLWK�ZKDW� UHVROXWLRQ� GR�ZH�ZDQW� WR� JHW� WKHGHOD\�GLVWULEXWLRQ� RI� WKH� WUDIILF� RQ� WKH� OLQH"7KH�DQVZHU�GHSHQGV�RQ�WKH�SXUSRVH�RI�7)$�/HW�XV�VHH�WZR�H[DPSOHV�x� ,I�ZH�ZDQWHG�WR�FKHFN�ZKHWKHU�WKH�VL]HRI� WKH� EXIIHU� IRU� WKH� OLQH� LV� ODUJHHQRXJK�� DQ� LPSRUWDQW� TXDQWLW\� LV� WKHWLPH�LW�WDNHV�WR�ILOO�WKH�EXIIHU�XS�
7 %XIIHU6L]H/LQH&DSDFLW\I =

,Q� WKLV� FDVH�� 7 FDQ� EH� GHWHUPLQHG� DV� DFHUWDLQ� SRUWLRQ� RI� 7I�� IRU� H[DPSOH7 7I����

x� ,I�ZH�ZDQWHG�WR�FKHFN�ZKHWKHU�WKH�HQG�WR�HQG� GHOD\� LV� OHVV� WKDQ� D� FHUWDLQYDOXH�� WKHQ� 7 FDQ� EH� GHWHUPLQHG� DV� DFHUWDLQ�SRUWLRQ�RI�7G��WKH�DOORZHG�GHOD\YDOXH�IRU�WKH�JLYHQ�OLQH�
������$GGLWLRQ:H�PXVW�VXP�XS�WKH�WKURXJKSXW�GLVWULEX�WLRQV�DW�YDULRXV�SRLQWV�RI�WKH�QHWZRUN���)LUVW�ZH� VXP� XS� DOO� WKH� WKURXJKSXW� GLVWULEXWLRQVZLWKRXW�DQ\�FRQFHUQ�RI�WKH�ILQLWH�FDSDFLW\�RIWKH� OLQH� RU� QRGH� DQG� ILQDOO\� DSSO\� WKHFRUUHFWLRQ�DFFRUGLQJ�WR�WKH�ILQLWH�FDSDFLW\�RIWKH�HOHPHQW�/HW� XV� KDYH� ORRN� DW� KRZ� WR� DGG� WZRWKURXJKSXW� GLVWULEXWLRQV�� � /HW� S�[� DQG� T�[�GHQRWH� WKH� SUREDELOLW\� GHQVLW\� IXQFWLRQV� RIWKH� WZR� WKURXJKSXW� GLVWULEXWLRQV� WR� DGG�� � ,QWKH� UHVXOW�� WKH� U�\� SUREDELOLW\� RI� WKH� \WKURXJKSXW� LV� EHLQJ� FRQWULEXWHG� E\� DOO� WKHFDVHV�ZKHQ�WKH�WKURXJKSXW�RI�WKH�ILUVW�VRXUFHLV�[��DQG�WKH�WKURXJKSXW�RI�WKH�VHFRQG�VRXUFHLV��\�[���FRQVLGHUHG�WKH�VRXUFHV�LQGHSHQGHQW�SUREDELOLWLHV�VKRXOG�EH�PXOWLSOLHG��VR�
U \ S [ T \ [ G[[

\� � � � � �= −
=
∫�7KDW� PHDQV� WKDW� WKH� SUREDELOLW\� GHQVLW\IXQFWLRQV�RI�WKH�WKURXJKSXW�GLVWULEXWLRQV�FDQEH�DGGHG�E\�FRQYROXWLRQ�,Q�SUDFWLFH��ZH�DSSUR[LPDWH�WKH�WKHRUHWL�FDOO\� DEVROXWHO\� FRQWLQXRXV� SUREDELOLW\� GHQ�VLW\�IXQFWLRQV�RI�WKH�WKURXJKSXW�GLVWULEXWLRQVE\� KLVWRJUDPV�� � $� FHOO� RI� WKH� KLVWRJUDPVKRZV� WKH�SUREDELOLW\� WKDW� WKH� WKURXJKSXW� LVEHWZHHQ� WKH� ORZHU� DQG� XSSHU� OLPLW� RI� WKHFHOO���1RZ�WKH�FRQYROXWLRQ�LV�

U O S N T O NN
O> @ > @ > @= −
=

∑�7KH� KLVWRJUDPV� XVHG� IRU� WKH� WUDIILFPRGHO� DUH� RIWHQ� SURGXFHG� E\�PHDVXUHPHQWVRQ� DQ� H[LVWLQJ� QHWZRUN�� � $GDSWLYH� RQ�OLQHGHQVLW\�HVWLPDWLRQ�PHWKRGV�OLNH�3� �-DLQ�DQG&ODPWDF�� ������ DQG� N�VSOLW� �9DUJD� DQG%DEDN��������DUH�SDUWLFXODUO\�XVHIXO� IRU� WKLV
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SXUSRVH��DOWKRXJK�LW�LV�QDWXUDOO\�DOVR�SRVVLEOHWR� FROOHFW� DQG� VWRUH� DOO� GDWD� GXULQJPHDVXUHPHQW�DQG�SURFHVV�WKHP�ODWHU�RII�OLQH�)RU� WKH� SXUSRVHV� RI� 7)$�� N�VSOLW� LV� PRUHXVHIXO� WKDQ� 3� EHFDXVH� LW� LV� SRVVLEOH� WRFRQYHUW� D� N�VSOLW� GHQVLW\� HVWLPDWH� LQWR� DQHTXL�GLVWDQW�KLVWRJUDP�ZLWKRXW�ORVV�RI�LQIRU�PDWLRQ����,Q�N�VSOLW��FHOO�VL]HV�DUH�D�PXOWLSOHRI� WKH� VPDOOHVW� FHOO� VL]H�� 3� GRHV� QRW� KDYHWKLV� SURSHUW\��� �0RUH� LQIRUPDWLRQ� DERXW� WKHSURSHUWLHV�RI�VRPH�VWDWLVWLFV�FROOHFWLRQ�PHWK�RGV�FDQ�EH�IRXQG�LQ��/HQFVH������E�
������&RUUHFWLRQ�IRU�WKH�ILQLWH�FDSDFLW\7KH�WUDIILF� WKDW�H[FHHGV� WKH� OLQH�RU�QRGHFDSDFLW\�LV�GHOD\HG�DQG�LWV�VHUYLFH�PHDQV�DQDGGLWLRQDO�ORDG�WKDW�FRQWULEXWHV�WR�WKH�ORDG�RIWKH� WUDIILF� DUULYHG� ODWHU�� � /HW� XV� GLVFXVV� WKHSUREOHP� LQ� WKH� FDVH� RI� D� QRGH� DQG� SDFNHW�WKURXJKSXW�� � +RZHYHU��ZH� VKRXOG� WDNH� FDUHVR�WKDW�RXU�UHVXOWV�PD\�EH�XVHG�IRU� WKH�OLQHVWRR�/HW� S7>N@ GHQRWH� WKH� SUREDELOLW\� WKDW� NSDFNHWV� DUULYH� WR� WKH� QRGH� LQ�7 WLPH�� � ,QWKH� EHJLQQLQJ� DOO� WKH� TXHXHV� RI� WKH� V\VWHPDUH�HPSW\��VR�LQ�WKH��VW 7 ORQJ�WLPH�VOLFH�QRZDLWLQJ� SDFNHWV� FRQWULEXWH� WR� WKH� DFWXDOSDFNHW�DUULYDO���7KH�QRGH�FDQ�URXWH�. SDFNHWVLQ�7 WLPH�� � )RU� WKH� DQDO\WLFDO� VLPSOLFLW\�� OHWXV�DFFHSW� WKDW� LI�N!. SDFNHWV� DUULYH�� WKHQ�.RXW� RI� WKH� N SDFNHWV� DUH� VHUYLFHG� DQG� �N�.�ZLOO�ZDLW�DQG�ZLOO�EH�DGGHG�WR�WKRVH�WKDW�ZLOODUULYH�LQ�WKH�QH[W�LQWHUYDO�RI�OHQJWK 7��DQG�LINd. SDFNHWV�DUULYH�WKHQ�DOO�WKH�N SDFNHWV�DUHVHUYLFHG����7KLV�LV�QRW�QHFHVVDULO\�WUXH��LW�GH�SHQGV�RQ� WKH� WLPH�GLVWULEXWLRQ�RI� WKH�SDFNHWDUULYDO� ZLWKLQ� WKH� 7 LQWHUYDO�� EXW� QRZ� ZHVLPSOLI\� WKH�SUREOHP��� �7KH�SUREDELOLW\� WKDWQR�SDFNHWV�ZLOO�EH�TXHXHG�IRU� WKH�QH[W� WLPHVORW�LV�

S S N7N
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=

∑ > @
7KH�SUREDELOLW\� WKDW�D�FHUWDLQ�QXPEHU�RISDFNHWV�ZLOO�UHPDLQ�LQ�WKH�TXHXH�LV���S� ��S��)RU�WKLV�FDVH��OHW�XV�GHWHUPLQH�WKH�QXPEHU�RISDFNHWV� WKDW� UHTXLUH� VHUYLFH� LQ� WKH� �QG WLPH

VORW�� � 7KH� WDLO� RI� WKH� GLVWULEXWLRQ� EHJLQQLQJIURP� WKH� YDOXH� WKDW� JLYHV� WKH� SUREDELOLW\� RIWKH�DUULYDO�RI��.����SDFNHWV�VKRXOG�EH�DGGHGWR� WKH� 3')� WKDW� GHVFULEHV� WKH� DUULYDO� RI� WKHSDFNHWV� LQ� WKH� QH[W� 7 ORQJ� WLPH� VORW�� � 7KHDGGLWLRQ�FDQ�EH�GRQH�E\�FRQYROXWLRQ�
S N S O . S N O7 [ 7 7O

N> @ > @ > @= + −
=
∑�7KH�VXPPDWLRQ�YDULDEOH�O H[SUHVVHV�KRZPDQ\� ZDLWLQJ� SDFNHWV� FRQWULEXWH� WR� WKRVHWKDW�ZLOO�DUULYH�LQ�WKH�QH[W�WLPH�VORW�7KH� QHZ� 3')� �S7>N@��� ZKLFK� GHVFULEHVWKH�VLWXDWLRQ�LI� WKH��QG WLPH�VORW��ZLOO�EH� WKHZHLJKWHG� VXP� RI� S7>N@ �WKH� 3')� WKDWGHVFULEHV� WKH� DUULYDO� LQ� FDVH� RI� DQ� HPSW\TXHXH��DQG�S7[>N@ �WKH�3')�WKDW�ZH�JRW�DV�DUHVXOW� RI� WKH� FRQYROXWLRQ� DQG� GHVFULEHV� WKHVXP� RI� WKH� TXHXLQJ� DQG� WKH� QHZO\� DUULYHGSDFNHWV��S N S S N S N7 7 7 [> @ > @ > @� �= +5HPDUN�� �S7[>N@ DOUHDG\� FRQWDLQV� WKH� S�ZHLJKWLQJ�IDFWRU�EHFDXVH�WKH�3')�RI�WKH�WDLOZDV�QRW�QRUPDOLVHG�)RU�WKLV�QHZ�3')�LQ�WKH��QG WLPH�VORW��ZHFDQ� FDOFXODWH� WKH� SUREDELOLWLHV� RI� WKH� HYHQWVLI� WKHUH� ZLOO� EH� QR� ZDLWLQJ� SDFNHW� RU� WKHUHZLOO�EH�VRPH�ZDLWLQJ�SDFNHWV� WKDW�ZLOO�EH�LQWKH� TXHXH� DW� WKH� EHJLQQLQJ� RI� WKH� �UG WLPHVORW�� � 8VLQJ� WKHVH� YDOXHV� ZH� FDQ� GHULYHS7>N@� DQG�DIWHUZDUGV�S7>N@���HWF���)LQDOO\�WKHV\VWHP� ZLOO� UHDFK� LWV� VWHDG\� VWDWH�� WKLV� LVGHVFULEHG�E\�S7>N@
 WKDW�VKRZV�WKH�SUREDELOL�W\�WKDW�H[DFWO\�N SDFNHWV�UHTXLUH VHUYLFH�LQD�7 ORQJ�WLPH�LQWHUYDO�� �7KH�ZRUG��UHTXLUH�LV� WR� FRYHU� WKH� GLIIHUHQFH� EHWZHHQ� D� SDFNHWWKDW�DUULYHG� LQ� WKH�7� ORQJ� WLPH� LQWHUYDO�RU� DSDFNHW�WKDW�ZDV�LQ�WKH�TXHXH�EHIRUH��/HW�37>N@ GHQRWH�WKH�3')�WKDW�VKRZV�WKHSUREDELOLW\� WKDW� H[DFWO\� N SDFNHWV� DUHVHUYLFHG� LQ� D� 7 ORQJ� WLPH� LQWHUYDO�� � 7KLVIXQFWLRQ� FDQ� EH� GHULYHG� IURP� S7>N@
 E\DGGLQJ�LWV�WDLO�IURP�WKH��.����WK�FHOO�WR�LWV�.�WK� FHOO�� � �7KH� DGGLWLRQ� LV� WKH� VWDQGDUGPDWKHPDWLFDO������
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∑ �7KH� WUDIILF� WKDW� LV� GHVFULEHG� E\� WKH� WDLOIURP� WKH� �.����WK� FHOO� RI�S7>N@
 LV� GHOD\HG�/HW�XV�FDOFXODWH�WKH�GLVWULEXWLRQ�RI�WKH�GHOD\FDXVHG� E\� WKH� ILQLWH� FDSDFLW\�� � /HW� '7>L@GHQRWH� WKH� SUREDELOLW\� WKDW� WKH�SDFNHWV� DUHGHOD\HG� E\� L� QXPEHU� RI� 7 ORQJ� WLPHLQWHUYDOV�
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1RZ�� OHW� XV� VHH� DQ� H[DPSOH�� �:H� KDYHFKRVHQ� WKH� SDUDPHWHUV� VR� WKDW� WKH� HIIHFW� RIWKH�FDSDFLW\�WKUHVKROGLQJ�LV�TXLWH�YLVLEOH�)LJ��� DQG�)LJ��� VKRZ�WKH�RULJLQDO�3')DQG� WKH� UHVXOW� RI� WKH� UHSHDWHG� FRQYROXWLRQV�UHVSHFWLYHO\�� � ,W� FDQ� EH� REVHUYHG� WKDW� WKHH[SHFWHG� YDOXH� RI� WKH� 3')� ZDV� VOLJKWO\PRYHG�WR� WKH�ULJKW�� �)LJ��� VKRZV� WKH� UHVXOWRI� WKH� FDSDFLW\� WKUHVKROGLQJ�� � 7KH� GLVWULEX�WLRQ�ZDV�OLPLWHG�WR����FHOOV�QXPEHUHG�IURP��WR� ���� � ,Q� PRUH� WKDQ� ���� RI� WKH� FDVHV� WKHXWLOLVDWLRQ� LV� ������ � 7KH� RULJLQDO� YDOXH� RIFHOO� ��� LQ� )LJ�� � ZDV� ������ DQG� ������ ZDVDGGHG�WR�LW�GXH�WR�WKH�WDLO�ZDV�FXW�RII���)LJ���VKRZV� WKH� 3')� RI� WKH� GHOD\� GLVWULEXWLRQ�7KH� SUREDELOLW\� RI� WKH� �
7 GHOD\� LV� DERXW������
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��±��UHVXOW�RI�FRQYROXWLRQV
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� � � � � �� �� �� �� �� �� �� �� �� ��)LJ������37>N@��±��UHVXOW�RI�FDSDFLW\WKUHVKROGLQJ
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3URE��

)LJ������'7>L@��±��GHOD\�GLVWULEXWLRQ,Q� WKH� SURFHGXUH� DERYH�� ZH� XVHG� KLVWR�JUDPV�ZLWK�D�FHOO�VL]H�RI�����,Q�WKH�FDVH�RI�WKHELW�WKURXJKSXW� KLVWRJUDPV� DQG� VRPHWLPHVDOVR�LQ�WKH�FDVH�RI�WKH�SDFNHW�WKURXJKSXW�KLV�WRJUDPV��WKH�VL]H�RI�WKH�FHOOV�PXVW�EH�JUHDWHUWKDQ� RQH� IRU� HIILFLHQF\�� � 7KHQ� ZH� QHHG� WRFRQVLGHU�WKH�HIIHFW�RI�WKH�ODUJHU�FHOO�VL]H�DQGXVH� WKH�PRGLILHG� FRQYROXWLRQ� DOJRULWKP� ZHZLOO�GHVFULEH�LQ�WKH�QH[W�FKDSWHU�



�

����'LVFXVVLRQ�RI�,PSRUWDQW�'HWDLOV
������7KH�HIIHFW�RI�WKH�ILQLWH�FHOO�VL]H,I�WKH�VL]H�RI�WKH�FHOOV�RI�WKH�KLVWRJUDP�LVQHJOLJLEOH� WKHQ� WKH� FRQYROXWLRQ� LV� WULYLDO�)LJ����DQG�)LJ����

3URE�

WKURXJKSXW

3URE�

ED ��
S� T�TESD

WKURXJKSXW)LJ������'HQVLW\�IXQFWLRQV�WR�DGG�±�LGHDO�FDVH
3URE�

E D D�E�
SDT�S�TES�T� SDTE

WKURXJKSXW)LJ������7KH�UHVXOW�RI�WKH�FRQYROXWLRQ�±�LGHDOFDVH,I�WKH�VL]H�RI�WKH�FHOOV�RI�WKH�KLVWRJUDP�LVQRW�QHJOLJLEOH� WKHQ� WKH� FRQYROXWLRQ� EHKDYHVOLNH�)LJ��� DQG�)LJ��� VKRZ���7KH�H[SODQDWLRQLV�WKH�IROORZLQJ���/HW�Z GHQRWH�WKH�VL]H�RI�WKHFHOOV�� � :H� QXPEHU� WKH� FHOOV� IURP� ��� � 7KHSRVLWLRQ�RI� WKH� L�WK� FHOO� LV�� >LZ� �L���Z@�� WKHSRVLWLRQ�RI� WKH� M�WK� RQH� LV�� >MZ� �M���Z@�� WKHSRVLWLRQ�RI�WKH�PLGGOH�SRLQWV�RI�WKH�FHOOV�DUH��L�����Z DQG� �M�����Z�� �7KH�SRVLWLRQ�RI� WKHUHVXOWLQJ�FHOO�LV�WKHQ��>�L�M�Z� �L�M���Z@��WKDWLV� H[DFWO\� WKH� SODFH� RI� WKH� �L�M��WK� SOXV� WKH�L�M����WK� FHOOV�� � $V� WKH� ZLGWK� RI� WKH� UH�VXOWLQJ�FHOO�LV��Z WKH�KHLJKW�RI�WKH�FHOO�PXVWEH�GLYLGHG�E\���VR�WKH�UHVXOW�RI�WKH�FRQYROX�WLRQ�UHPDLQV�D�QRUPDOLVHG�SUREDELOLW\�GHQVL�W\�IXQFWLRQ�

3URE�
WKURXJKSXW

3URE�
FHOOL�

S>L@ T>M@
WKURXJKSXW

Z
FHOOM)LJ������'HQVLW\�IXQFWLRQV�WR�DGG�±�WKH�FHOOVL]H�LV�QRW�QHJOLJLEOH

3URE�

�
S>L@
T>M@

FHOOL�MFHOOL�M��
S>L@
T>M@�� WKURXJKSXW

)LJ������7KH�UHVXOW�RI�WKH�FRQYROXWLRQ�±�WKHFHOO�VL]H�LV�QRW�QHJOLJLEOH
������5RXWLQJ�XQLWV:KHQ� GHWHUPLQLQJ� WKH� VL]H� RI� WKHURXWLQJ�XQLW �658��ZH�PXVW�FRQVLGHU�WKH�IRO�ORZLQJ�LVVXHV�7KH� ODUJHU� 658 ZH� FKRRVH�� WKH� IHZHUPHVVDJHV�DUH� WR�EH� URXWHG� LQ� WKH� ILUVW� SKDVHDQG� WKH� OHVV� WUDIILF� PRGHO� DGGLWLRQ� LV� WR� EHSHUIRUPHG� LQ� WKH� VHFRQG� SKDVH� RI� 7)$�+RZHYHU��LI�658 LV�WRR�ODUJH��WKH�VSDWLDO�GLV�WULEXWLRQ� RI� WKH� WUDIILF� PD\� FRQVLGHUDEO\GLIIHU� IURP� WKH� RQH� WKDW� LV� IRUPHG� LQ� WKHGHWDLOHG�VLPXODWLRQ��DQG� LQ� WKH�UHDO�V\VWHP��,I�658 LV�VPDOO��WKH�VSDWLDO�GLVWULEXWLRQ�RI�WKHWUDIILF� PD\� EH� TXLWH� SUHFLVH�� EXW� WKH� ODUJHUDPRXQW�RI�PHVVDJHV�WR�EH�URXWHG�DQG�WUDIILFPRGHOV�WR�EH�DGGHG�VORZ�GRZQ�WKH�DQDO\VLV�7KH� FKRLFH� RI� 658 PXVW� EH� D� UHDVRQDEOHFRPSURPLVH�WKDW�LV�PDGH�LQ�WKH�NQRZOHGJHRI�WKH�ZKROH�V\VWHP�PRGHOOHG�7KH� DXWKRU� ZRXOG� OLNH� WR� KLJKOLJKWDQRWKHU�LPSRUWDQW�IHDWXUH�RI�7)$�QRZ���7KHIDFWV�WKDW�658 FDQ�EH�FKRVHQ�IRU�WKH�DSSOLFD�WLRQV� RI� GLIIHUHQW� W\SHV� LQGHSHQGHQWO\� DQG658��� LV� SRVVLEOH� DVVXUH� WKH� IROORZLQJDGYDQWDJH�� � LI� WKHUH� LV� DQ� DSSOLFDWLRQ� $ZKRVH� WUDIILF� LV� MXVW� D� VPDOO� SRUWLRQ� RI� WKHWUDIILF�RI�DQRWKHU�DSSOLFDWLRQ�%�EXW�IRU�VRPHUHDVRQ�LW�LV�YHU\�LPSRUWDQW�IRU�XV�WR�NQRZ�LWV
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VSDWLDO� GLVWULEXWLRQ�� 7)$� KDV� DQ� DGGLWLRQDOFRPSDUDWLYH� DGYDQWDJH� RYHU� WKH� GHWDLOHGVLPXODWLRQ���,Q�WKLV�FDVH��RQH�KDV�WR�FRQWLQXHWKH� GHWDLOHG� VLPXODWLRQ� XQWLO� KH� FDQ� FROOHFWHQRXJK� VDPSOHV� IURP� WKH� WUDIILF� RI� DSSOLFD�WLRQ�$�� �0HDQZKLOH� WKH� GHWDLOHG� VLPXODWLRQWUDQVIHUV�PXFK�PRUH� IURP� WKH� WUDIILF� RI� WKHDSSOLFDWLRQ�%�WKDQ�LW�ZRXOG�EH�QHFHVVDU\�IRUWKH�VWDWLVWLFV�FROOHFWLRQ�� �,I�ZH�XVH�7)$�DQGFKRRVH� WKH� YDOXH� RI�658 IRU� DOO� WKH� DSSOLFD�WLRQ� W\SHV� ZHOO�� QRW� PXFK� PRUH� KDV� WR� EHWUDQVIHUUHG�IURP�WKH�WUDIILF�RI�DQ\�W\SH�RI�DS�SOLFDWLRQV� WKDQ� LW� LV� QHFHVVDU\�� � 7KLV� ZD\7)$�PD\�VHUYH�WKH�LPSRUWDQFH�VDPSOLQJ�
����$SSOLFDWLRQ�RI�7)$�±�DQ([DPSOH/HW� XV� XVH� D� FRPPHUFLDO� QHWZRUN� DV� DQLOOXVWUDWLRQ�RI�WKH�DSSOLFDWLRQ�RI�WKH�PHWKRG�$� QXPEHU� RI� GLIIHUHQW� W\SH� RI� DSSOLFDWLRQVPD\�XVH�WKH�QHWZRUN�VXFK�DV�326��3RLQW�2I6DOH��� $70� �$XWRPDWLF� 7HOOHU� 0DFKLQH��ILOH� WUDQVIHU�� DODUP� V\VWHPV�� HWF�� � )RU� 7)$�DOO�WKHVH�DSSOLFDWLRQV�ZLOO�EH�PRGHOOHG�E\�WKH*HQHUDO� $SSOLFDWLRQ�0RGHO �*$0��� � 7KHPRVW�LPSRUWDQW�SDUDPHWHU�RI�WKH�*$0�LV�WKHW\SH RI� WKH� DSSOLFDWLRQV� LW� UHSUHVHQWV�� � 7KHWUDIILF�JHQHUDWHG�E\� WKH�*$0�LV�GHWHUPLQHGE\� D� QXPEHU� RI� SDUDPHWHUV� WKDW� DUH� GHILQHGIRU�DOO�WKH�GLIIHUHQW�W\SHV�RI�DSSOLFDWLRQV�$V� LW� ZDV� PHQWLRQHG� EHIRUH�� ZH� XVHDJJUHJDWHG�WUDIILF�PRGHO��VR�WKH�*$0�LV�DEOHWR�UHSUHVHQW�WKH�WUDIILF�RI�DOO�WKH�DSSOLFDWLRQVRI� LWV� W\SH� �WKDW� DUH� FRQQHFWHG� WR� WKH� JLYHQQRGH��� � ,I� WKH� URXWLQJ� DOJRULWKP� IRU� WKHSURSDJDWLRQ� RI� SDFNHWV� LV� V\PPHWULFDO� L�H�WKH� VDPH� IURP�$� WR�%�DV� IURP�%� WR�$� WKHQWKH�WUDIILF�EHWZHHQ�$�DQG�%�FDQ�EH�KDQGOHGWRJHWKHU� DQG� WKH� FRPELQHG� WUDIILF� LVSURSDJDWHG� IURP� $� WR� %�� � )RU� ([DPSOH�� D�FOLHQW�� JHQHUDWHV� WKH� WUDIILF� PRGHO� WKDWGHVFULEHV� LWV� WUDIILF� WRZDUGV� RQH� RU� PRUH�VHUYHUV�� WKDW� UHFHLYH� WKH� WUDIILF� PRGHO� EXWJHQHUDWH� QR� UHSO\� EHFDXVH� WKH� WUDIILF�PRGHOVHQW� E\� WKH� FOLHQW� UHSUHVHQWV� WKH� WUDIILF� RIERWK� GLUHFWLRQV� �VHQW� DQG� UHFHLYHG� E\� WKHFOLHQW��

������7KH�SDUDPHWHUV�RI�WKH�*$0:H�HVWLPDWH� WKH�QXPEHU�RI� WKH�GLIIHUHQWW\SHV�RI�DSSOLFDWLRQV�LQ�WKH�QHWZRUN��DV�ZHOODV�WKHLU�VSDWLDO�GLVWULEXWLRQ��DQG�WKH�WLPH�GLV�WULEXWLRQ�RI�WKHLU�DFWLYLW\�GXULQJ�WKH�GD\�� �,QDGGLWLRQ� WR� WKDW�� IRU� 7)$�� ZH� KDYH� WRGHWHUPLQH�ZKDW�VL]H�RI�WUDIILF�FDQ�EH�KDQGOHGWRJHWKHU���+HQFH��WKH�SDUDPHWHUV�RI�WKH�*$0DUH�x� 1$SS�W\SH� 1XPEHU� RI�$SSOLFDWLRQV� � ±WKH�QXPEHU�RI�DOO�WKH�DSSOLFDWLRQV�IURPWKH�JLYHQ�W\SHx� 1$SS31�W\SH�� QRGH� 1XPEHU� RI� $SSOL�FDWLRQV�3HU�1RGH��±��WKH�QXPEHU�RI�DOOWKH� DSSOLFDWLRQV� IURP� WKH� JLYHQ� W\SHFRQQHFWHG�WR�WKH�JLYHQ�QRGHx� 3$F�W\SH�� GD\�� WLPH� 3UREDELOLW\� RI$FWLYLW\� �±� WKH�SUREDELOLW\� WKDW�DQ�DS�SOLFDWLRQ� IURP� WKH�JLYHQ� W\SH� LV� DFWLYHDW� WKH� JLYHQ� WLPH� RI� WKH� JLYHQ� GD\� RIZHHNx� 658�W\SH� 6L]H�RI�5RXWLQJ�8QLW� �±� � WKHPD[LPXP�VL]H�RI�WKH�XQLW�RI�WKH�WUDIILF�WKDW� FDQ� EH� KDQGOHG� WRJHWKHU�� IRU� WKHJLYHQ�W\SH�RI�DSSOLFDWLRQ7KH�UHDGHU�PD\�KDYH�QRWLFHG�WKDW�IRU�WKHGHVFULSWLRQ� RI� WKH� XVHUV
� EHKDYLRXU� ZH� FRQ�VLGHU�WKH�WLPH�RI�GD\�DQG�GLVWLQJXLVK�WKH�GD\VRI� WKH�ZHHN� WRR�� �7KH� ODWWHU� RQH� LV� MXVWLILHGIRU�H[DPSOH�E\�WKH�GLIIHUHQW�EHKDYLRXU�RI�WKHXVHUV�RQ� WKH�ZRUNLQJ�GD\V�DQG� RQ� KROLGD\V�2I�FRXUVH��LW�LV�SRVVLEOH�WKDW�IRU�VRPH�DSSOL�FDWLRQV� WKH� XVHUV
� EHKDYLRXU� GHSHQGV� RQ� WKHSRVLWLRQ� RI� WKH� GD\� ZLWKLQ� WKH� PRQWK� RU� LQWKH� VHDVRQ�� EXW� EHFDXVH� WKLV� ZRXOG� JLYH� QRWKHRUHWLFDO�QRYHOW\��ZH�GR�DYRLG�WKH�XVDJH�RIXQQHFHVVDULO\�PDQ\�SDUDPHWHUV�7KH�*$0�JHQHUDWHV� WUDIILF�DFFRUGLQJ� WRWKH�QXPEHU�RI�WKH�DFWLYH�DSSOLFDWLRQV�1 W\SH QRGH GD\ WLPH1 W\SH QRGH 3 W\SH GD\ WLPH1 W\SH
$SS

$SS31 $F
$SS

� � � � �� � � � � � �� �
=

=



�

DQG� LVVXHV� WKH� WUDIILF� �PRGHO�� LQ� DW� PRVW658�W\SH� VL]H� RI� XQLWV��ZKHUH�1$SS DQG�658DUH�QRW�QHFHVVDULO\�LQWHJHUV�7KH� WUDIILF� RI� WKH� *$0� FDQ� EH� FDWHJR�ULVHG� LQWR� D� JLYHQ� QXPEHU� RI� WUDQVDFWLRQW\SHV �DEEUHYLDWHG� DV� WW��� � 7KH� WUDQVDFWLRQVDUH�WKH�EDVLF�XQLWV�RI�WKH�WUDIILF�LQ�RXU�PRGHORI�WKH�FRQVLGHUHG�FRPPHUFLDO�QHWZRUN�
������7KH�HOLPLQDWLRQ�RI�WKH�WLPH�FKDQJHZLWKLQ�WKH�WUDQVDFWLRQV,Q� RXU�PRGHO�� ZH� VXSSRVH� WKDW� WKH� WLPHFKDQJH� RI� WKH� LQWHQVLW\� RI� WKH� WUDQVDFWLRQJHQHUDWLRQ� LV� UHODWLYHO\� VORZ� FRPSDUHG� WRERWK� WKH�7 VL]H� RI� WKH� WKURXJKSXW� FROOHFWLRQLQWHUYDO�DQG�WKH�GXUDWLRQ�RI�WKH�WUDQVDFWLRQV�6R�ZH�FRQVLGHU� WKDW� WKH� VWDUWLQJ� WLPH�RI� WKHWUDQVDFWLRQV� LQ� D� 7 LQWHUYDO� KDV� D� XQLIRUPGLVWULEXWLRQ�� � 0RUHRYHU� WKH� GLVWULEXWLRQ� RIWKH�VWDUWLQJ�WLPH�RI�WKH�WUDQVDFWLRQV�ZDV�YHU\VLPLODU� MXVW� EHIRUH� WKH� EHJLQQLQJ� RI� WKDW� 7LQWHUYDO�� � ,Q� WKLV�ZD\��ZH�PD\� VD\� WKDW� LQ� DZHOO� FKRVHQ�7 LQWHUYDO�ZH� WDNH� LQWR� FRQVLG�HUDWLRQ� WKH�ZKROH� WUDIILF RI� WKH� WUDQVDFWLRQVEHJLQQLQJ�LQ�WKDW�7�WLPH�LQWHUYDO�

7

WLPH

WKURXJKSXW

)LJ�����7KH�HOLPLQDWLRQ�RI�WKH�WLPH�FKDQJHZLWKLQ�WKH�WUDQVDFWLRQV��±��LOOXVWUDWLRQ
������7KH�SDUDPHWHUV�RI�WKH�*$07KH� WUDQVDFWLRQV� RI� WKH� *$0� DUH� DOVRGHVFULEHG� E\� SDUDPHWHUV�� � 7KH� SDUDPHWHUVH[SUHVV�ZKDW�ORDG�WKH�WUDQVDFWLRQV�RI�D�JLYHQW\SH� FDXVH� IRU� WKH� OLQHV� DQG� QRGHV�� KRZPDQ\� RI� WKHP� RFFXU� D� GD\�� DQG� ZKDW� WKHLUWLPH�GLVWULEXWLRQ�ZLWKLQ�WKH�GD\�LV�� �7KH�SD�UDPHWHUV�RI�WKH�WUDQVDFWLRQV�DUH�x� 1E^V_U`�WW� 1XPEHU� RI� %LWV� 6HQW� _� 5H�FHLYHG��±��WKH�QXPEHU�RI ELWV�VHQW�RU�UH�

FHLYHG� E\� WKH� DSSOLFDWLRQ� GXULQJ� DWUDQVDFWLRQ�RI�WKH�JLYHQ�W\SHx� 1S^V_U`�WW� 1XPEHU�RI�3DFNHWV�6HQW�_�5H�FHLYHG� � ±� � WKH� QXPEHU� RI� SDFNHWV� VHQWRU�UHFHLYHG�E\�WKH�DSSOLFDWLRQ�GXULQJ�DWUDQVDFWLRQ�RI�WKH�JLYHQ�W\SHx� 1F�WW� 1XPEHU�RI�&RQQHFWLRQ�6HW�XSV±� � WKH� QXPEHU� RI� FRQQHFWLRQV� VHW�XSVSHUIRUPHG� E\� WKH� DSSOLFDWLRQ� GXULQJ� DWUDQVDFWLRQ�RI� WKH�JLYHQ� W\SH�� W\SLFDOO\�� RU� �� LI� LW� LV� SRVVLEOH� DW� DOO� �IRUFRQQHFWLRQ�RULHQWHG�SURWRFROV�RQO\�x� 17U3'�WW��GD\� 1XPEHU�RI�7UDQVDFWLRQV3HU�'D\��±��WKH�QXPEHU�RI�WUDQVDFWLRQVSHUIRUPHG� E\� DQ� DSSOLFDWLRQ� IURP� WKHJLYHQ� WUDQVDFWLRQ� W\SH� RQ� D� JLYHQ� GD\RI�WKH�ZHHNx� ,7U�WW��GD\�� WLPH� ,QWHQVLW\�RI�7UDQVDF�WLRQ�JHQHUDWLRQ��±��WKH�YDOXH�RI�WKH�3')DW� WKH� JLYHQ� WLPH� WKDW� 3')� GHVFULEHVWKH�WLPH�GLVWULEXWLRQ�RI�WKH�WUDQVDFWLRQVRI� WKH� JLYHQ� W\SH� RQ� WKH� JLYHQ� GD\� RIZHHN�5HPDUNV���� ,Q� WKH� FDVH� RI� FRQQHFWLRQ� RULHQWHGQHWZRUNLQJ� SURWRFROV�� WKH� FRQQHFWLRQVHW�XSV�PD\� FDXVH� VLJQLILFDQW� ORDG� IRUWKH� QRGHV� �VZLWFKHV��� � (�J�� WKH� ORDGFDXVHG� E\� D� FRQQHFWLRQ� VHW�XS� PD\HTXDO� WKH� ORDG� RI� WKH� VZLWFKLQJ� RI� ��SDFNHWV�� � 7KLV� LV� WKH� UHDVRQ� RI� LQWUR�GXFLQJ�WKH�SDUDPHWHU�1F���� ,7U LV� GHILQHG� IRU� DOO� WKH� GD\V� RI� WKHZHHN�ZKHQ�WKHUH�DUH�WUDQVDFWLRQV�RI�WKHJLYHQ�W\SH���%HLQJ�D�SUREDELOLW\�GHQVLW\IXQFWLRQ�
, WW GD\ WLPH7UWLPH
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∫ =�
�� ���� � �WKH� WLPH� LVPHDVXUHG�LQ�VHFRQGV��

������7UDQVDFWLRQ�JHQHUDWLRQ�ZLWK3RLVVRQLDQ�GLVWULEXWLRQ,Q� RXU� PRGHO�� WKH� DFWLYH� DSSOLFDWLRQVJHQHUDWH� WUDQVDFWLRQV� DFFRUGLQJ� WR� D
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3RLVVRQLDQ� SURFHVV� ZLWK� SDUDPHWHU� O�� WKDWPHDQV�WKH�LQWHU�DUULYDO�WLPH�KDV�DQ�H[SRQHQ�WLDO�GLVWULEXWLRQ�ZLWK�SDUDPHWHU�O���7KXV��WKHSUREDELOLW\� WKDW�N WUDQVDFWLRQV� DUH� JHQHUDWHGLQ�7�WLPH�LV�
[ ]S N 7N H7

N 7= −� ��λ λ

7KH� LQWHQVLW\� RI� WKH� WUDQVDFWLRQJHQHUDWLRQ�LV�
λ� � � � �� � � � � �� � � � � �
WW QRGH GD\ W1 W\SH QRGH 1 WW GD\1 W\SH , WW GD\ WLPH$SS31 7U3'

$SS 7U
=

=
⋅

5HPDUN�� DV� WKH� WUDQVDFWLRQ� W\SH� �WW�GHWHUPLQHV� WKH� DSSOLFDWLRQ� W\SH� �W\SH��� W\SHFDQ�EH�RPLWWHG�LI�WW�LV�LQFOXGHG�7KHUHIRUH�WKH�WUDIILF�PRGHO�LV�EXLOW�XS�E\WKH�WUDQVDFWLRQ�W\SH�ZLVH�O� 1EV��1EU��1SV��1SU�1F�SDUDPHWHUV�������7KH�DGGLWLRQ/HW� XV� H[SORLW� WKH� SRVVLELOLWLHV� IRUVLPSOLILFDWLRQ�� �&RQVLGHULQJ� WKDW� WKH� VXP�RIWZR� 3RLVVRQLDQ� GLVWULEXWLRQ� YDULDEOHV� KDVDOVR�3RLVVRQLDQ�GLVWULEXWLRQ�ZH�FDQ�QXPHUL�FDOO\�DGG�WKH�O YDOXHV�RI�WKH�VDPH�WUDQVDFWLRQW\SH�� � �(LWKHU� WKH\� FDPH� IURP� GLIIHUHQWVRXUFHV� RU� IURP� WKH� VDPH� RQH� EXW� ZHUHFDUULHG� E\� D� VHSDUDWH� URXWLQJ� XQLW��� � &RQVH�TXHQWO\�� WKH� HOHPHQWV� RI� WKH� QHWZRUN� PD\FROOHFW�WKH�VWDWLVWLFV�RI�WKH�WUDQVPLWWHG�WUDIILFLQWR�D�VLQJOH�VFDODU�LQWHQVLW\�YDULDEOH�IRU�HDFKWUDQVDFWLRQ�W\SH���7KLV�LV�DQ�LPSRUWDQW�UHVXOWEHFDXVH� WKXV� ZH� XVH� VFDODU� DGGLWLRQ� RSHUD�WLRQV�RQO\��DQG�QRW�FRQYROXWLRQV��GXULQJ�WKHVSDWLDO�GLVWULEXWLRQ�SKDVH�:KLOH� LQWHQVLW\� YDOXHV� FDQ� EH� VLPSO\DGGHG� XS� LQ� WKH� FDVH� RI� WUDQVDFWLRQV� RI� WKHVDPH�W\SH��WKLV�FDQQRW�EH�GRQH�ZLWK�WUDQVDF�WLRQV�RI�GLIIHUHQW�W\SHV�DV�WKHLU�1EV��1EU��1SV�1SU��1F SDUDPHWHUV�PD\�GLIIHU�� � /HW� XV� FRQ�VLGHU� WKH�VHQW�ELW�WKURXJKSXW�DV�DQ�H[DPSOH�:H� JHW� WKH� VHQW� ELW�WKURXJKSXW� KLVWRJUDPIURP�WKH�KLVWRJUDP�RI� WKH�3RLVVRQLDQ�GLVWUL�EXWLRQ� ZLWK� SDUDPHWHU� O�WW� E\� PXOWLSO\LQJWKH�FHOO�ZLGWK�DQG�GLYLGLQJ�WKH�FHOO�KHLJKW�E\

1EV�WW��� � 7KHVH� VHQW� ELW�WKURXJKSXW� KLVWR�JUDPV�DUH� WKHQ�DGGHG�XS�E\�FRQYROXWLRQ�IRUDOO�WKH�WUDQVDFWLRQ�W\SHV�7KH� FDOFXODWLRQ� LV� VWLOO� QRW� ILQLVKHG�� �7RJHW� WKH� WUDIILF�RI�D� OLQH� LQ�RQH�GLUHFWLRQ��ZHPXVW�DGG�XS�WKH�FXPXODWHG�VHQW�ELW�WKURXJK�SXW�KLVWRJUDP�RI�WKH�JLYHQ�GLUHFWLRQ�DQG�WKHFXPXODWHG�UHFHLYHG�ELW�WKURXJKSXW�KLVWRJUDPRI�WKH�RWKHU�GLUHFWLRQ�7KH� FDSDFLW\� WKUHVKROGLQJ� VKRXOG� EHGRQH�WKH�VDPH�ZD\�DV�GHVFULEHG�LQ�����
������7KH�TXHVWLRQV�RI�WKH�HIILFLHQW�LPSOH�PHQWDWLRQ7R� VSHHG� XS� WKH� H[HFXWLRQ� RI� 7)$�� ZHDSSOLHG�VRPHWLPHV�H YDOXHV��JLYHQ�DV�SDUDP�HWHUV�� WR� H[SUHVV� WKH� DFFXUDF\� H[SHFWHG� E\WKH�XVHU���7KHVH�DUH�DV�IROORZV�x� HH3 (SVLORQ�RI�3RLVVRQLDQ�7DLO ±� ,W�LVXVHG�ZKHQ�FDOFXODWLQJ�WKH�KLVWRJUDP�RIWKH� 3RLVVRQLDQ� GLVWULEXWLRQ� IURP� WKHWUDQVDFWLRQ� W\SH�ZLVH� FXPXODWHG� OYDOXH�� � ,I� S7>N@�H3 IRU� D� JLYHQ� N WKHQWKH� WDLO� RI� WKH� GLVWULEXWLRQ� LV� RPLWWHGIURP�N�x� HH$ (SVLORQ�RI�$GGLWLRQ ±��,W�LV�XVHG�WRERXQG� WKH� UHVXOW� RI� WKH� FRQYROXWLRQ� LQWKH�DERYH�PHQWLRQHG�PDQQHU���:LWKRXWWKLV��WKH�QXPEHU�RI�WKH�VPDOO�SUREDELOL�W\�FHOOV�FRXOG�JURZ�EH\RQG�PHDVXUH�VRDV� WKH� FRPSXWDWLRQ� UHTXLUHPHQW� RI� WKHIXUWKHU�FRQYROXWLRQV�x� HH& (SVLORQ�RI�&KDQJH ±��:KHQ�GRLQJWKH�FDSDFLW\� WKUHVKROGLQJ��ZH�FDOFXODWHWKH� GLIIHUHQFH� RI� S7>N@� DQG� WKHRULJLQDO�S7>N@��ILUVW&KDQJH���$IWHU�HDFKVWHS� ZH� FDOFXODWH� WKH� GLIIHUHQFH� RIS7>N@L DQG� S7>N@�L����� DFWXDO&KDQJH�:H�PD\�VWRS�ZKHQ�DFWXDO&KDQJH���H&
ILUVW&KDQJH�$V� IRU� HIILFLHQF\�� DQRWKHU� LPSRUWDQWLVVXH�LV�WKH�TXDQWLW\�RI�WKH�KXPDQ�ZRUN�XVHGIRU�WKH�DQDO\VLV���7R�EH�HFRQRPLFDO�ZLWK�WKLV�ZH�KDYH�SUHSDUHG�DQ�REMHFW�RULHQWHG�OLEUDU\�7KH� YDULRXV� REMHFWV� H�J�� WUDIILF� JHQHUDWRU�



��

OLQH��QRGH�� WUDIILF� VLQN�� HWF�� DUH�&���FODVVHVZLWK� SXUH� YLUWXDO� IXQFWLRQV� WKDW� DUH� GHILQHGZKHQ� LPSOHPHQWLQJ� WKH� OD\HU� �� SURWRFRO� RIWKH�DQDO\VHG�QHWZRUN���7KLV�VROXWLRQ�UHTXLUHVOHVV� DPRXQW� RI� ZRUN� IURP� WKH� SHUVRQ� ZKRLPSOHPHQWV� WKH� PRGHO� WKDQ� XVLQJ� RQO\� DSUHGHILQHG�OLEUDU\�RI�IXQFWLRQV�$W�SUHVHQW�ZH�GR�QRW�DSSO\�LW��EXW�LQ�WKHIXWXUH� WKH� FRQYROXWLRQV� PD\� EH� HOLPLQDWHGE\�XVLQJ�))7�DQG�))7�� WUDQVIRUPDWLRQV�� � ,WUHWXUQV�HVSHFLDOO\�ZKHQ�WKH�UHVROXWLRQ�RI�WKHKLVWRJUDPV� DQG�RU� WKH� QXPEHU� RI� FRQYROX�WLRQV�DUH�KLJK�$V� D� PRGXOH� RI� WKH� ,PLQHW� QHWZRUNH[SHUW� V\VWHP�� D� 7)$� LPSOHPHQWDWLRQDSSOLFDEOH� IRU� WKH� IDVW� DQDO\VLV� RI� FRPPHU�FLDO� QHWZRUNV� ZDV� SUHSDUHG� IRU� WKH� (ODVV\V&RQVXOWLQJ�/WG�
����&RPSDULVRQ�RI�7)$�DQG�WKH3XUH�$QDO\WLFDO�0HWKRG:H� XVH� D� VLPSOH� QHWZRUN�ZLWK� �� QRGHVIRU�WKH�FRPSDULVRQ�RI�WKH�WZR�PHWKRGV���7KHQRGHV� DUH� FRQQHFWHG� E\� ��NESV� OLQHVDFFRUGLQJ� WR�WKH�WRSRORJ\�VKRZQ�LQ�)LJ�����$� VHUYHU� LV� FRQQHFWHG� WR� RQH� RI� WKH� QRGHVDQG�LV�XVHG�E\�WKH�WHUPLQDOV�FRQQHFWHG�WR�WKH��RWKHU�QRGHV�� �7KHUH�DUH����� WHUPLQDOV� SHUQRGH��DQG�WKH\�DUH�DFWLYH�ZLWK�WKH�SUREDELOLW\RI�������:KHQ�WKH\�DUH�DFWLYH��WKH\�SHUIRUPDERXW���WUDQVDFWLRQV�SHU�PLQXWH�� �2QH�WUDQV�DFWLRQ�RI�WKH�WHUPLQDOV�FRQWDLQV���VHQW�DQG��UHFHLYHG�SDFNHWV���7KH�OHQJWK�GLVWULEXWLRQ�RIWKH�SDFNHWV�LV�XQLIRUP�LQ�WKH�>����E\WH�����E\WH@�LQWHUYDO�7KH� QRGHV� RI� WKH� QHWZRUN� DUH� ;���VZLWFKHV� WKDW� XVH� QR� IL[HG� URXWLQJ� WDEOHUDWKHU� DGDSWLYH� DOJRULWKP�� � 7KH\� ILQG� WKHPLQLPDO�FRVW�URXWH�IRU�HYHU\�QHZ�FRQQHFWLRQDFFRUGLQJ� WR� WKH� IROORZLQJ�FRQGLWLRQV�� WKHUHLV� D� IL[HG� VZLWFKLQJ� FRVW� �&6Z�� IRU� HYHU\VZLWFK�WKH�SDWK�FRQWDLQV��DQG�WKH�FRVW�IRU�WKHFRQWDLQHG�OLQHV�LV�LQ�GLUHFW�SURSRUWLRQ�WR�WKHQXPEHU� RI� DOUHDG\� H[LVWLQJ� FRQQHFWLRQV� RQWKH� OLQH�� � 7KH� IDFWRU� LV� &S& �FRVW� SHUFRQQHFWLRQ��
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)LJ������7RSRORJ\�RI�WKH�QHWZRUN��,PLQHWJUDSKLFV�/HW� XV� GHWHUPLQH� WKH� SDUDPHWHUV� RI� WKH7)$� PRGHO�� � 7KHUH� LV� D� VLQJOH� DSSOLFDWLRQW\SH�ZLWK�RQH�WUDQVDFWLRQ�W\SH�RQO\��WKXV�WKHW\SH DQG�WW SDUDPHWHUV�ZLOO�EH�RPLWWHG�� �7KHQXPEHU� RI� DSSOLFDWLRQV� LQ� WKH� V\VWHP� LV�1$SS  ��î���  �������7KH���QRGHV�HDFK�KDYH1$SS31  � ���� QXPEHU� RI� WHUPLQDOV� WKDW� DUHDFWLYH� ZLWK� WKH� SUREDELOLW\� RI� 3$F  � ����'XULQJ� D� VLQJOH� WUDQVDFWLRQ� WKH� DSSOLFDWLRQVHQGV� �1EV  ������DQG� UHFHLYHV� �1EU  �����ELWV���7KH�QXPEHU�RI�SDFNHWV�VHQW�LV���1SV  ���WKH�QXPEHU�RI�SDFNHWV� UHFHLYHG� LV�� �1SU  ���WKH�QXPEHU�RI�FRQQHFWLRQ�VHW�XSV�LV���1F  ���DQG� WKH� QXPEHU� RI� DOO� WKH� WUDQVDFWLRQV� SHUGD\�LV�17U3'� 1$SSî3$Fî������î��î������WKDW�LV17U3'� ���î�����$V� WKH� WH[W� DERYH� VWDWHV� QRWKLQJ� DERXWWKH� WLPH� GLVWULEXWLRQ� RI� WKH� WUDQVDFWLRQVGXULQJ�WKH�GD\�OHW�XV�VXSSRVH�XQLIRUP�GLVWUL�EXWLRQ��ZKHQ� WKH� YDOXH� RI� WKH� GHQVLW\� IXQF�WLRQ�LV�FRQVWDQW�DOO�RYHU�WKH�GD\�,7U {��������7KH� VL]H� RI� WKH� URXWLQJ� XQLW� �658�� LV� DQLPSRUWDQW� SDUDPHWHU� RI� WKH DQDO\VLV�� ZHH[HFXWHG�7)$�XVLQJ�GLIIHUHQW�YDOXHV�IRU�LW�7DEOH����7DEOH���� DQG�7DEOH�� VKRZ� WKHUHVXOWV� IRU� WKH� XWLOLVDWLRQ� RI� WKH� OLQHV�� � :HFDOFXODWHG� DQG� JLYH� WKH� DQDO\WLFDO� YDOXHV� RI
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WKH�DYHUDJH�XWLOLVDWLRQ�RI�WKH�OLQHV�LQ�WKH�ILUVWFROXPQ�IRU�FRPSDULVRQ����1DWXUDOO\��WKH\�DUHLGHQWLFDO�LQ�DOO�WKH���WDEOHV����7R�VDYH�VSDFH�RQO\�WKH�VHQW�ELW�WKURXJKSXW�LV�SUHVHQWHG��WKHUHFHLYHG�ELW�WKURXJKSXW�FDUULHV�QR�IXUWKHU�LQ�IRUPDWLRQ�FRQFHUQLQJ�WKH�VSDWLDO�GLVWULEXWLRQRI� WKH� WUDIILF�� � $V� WKH� DSSOLFDWLRQ� PRGHOVZDLW�IRU�D�UDQGRP�GHOD\�EHWZHHQ�WKH�VHQGLQJRI�WKH�FRQVHFXWLYH�URXWLQJ�XQLWV��WKH�UHVXOW�RI7)$�GHSHQGV�RQ�WKH�DFWXDO�UHSUHVHQWDWLRQ�RIWKHVH�UDQGRP�QXPEHUV���:H�SHUIRUPHG�7)$D� JUHDW� QXPEHU� RI� WLPHV�� DYHUDJHG� WKH� UH�VXOWV�� FRPSXWHG� WKH� VWDQGDUG� GHYLDWLRQ�GHWHUPLQHG�WKH�PLQLPXP�DQG� WKH�PD[LPXPYDOXHV�� � $V� ZH� ZLOO� QRW� KDYH� �DQDO\WLFDOYDOXHV�� ZKHQ� DSSO\LQJ� 7)$� IRU� D� UHDO� OLIHSUREOHP�� ZH� XVHG� WKH� IRUPXOD� RI� WKHHPSLULFDO�GHYLDWLRQ�
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OLQH DQDO� DYHUDJH V��GHY� PLQ� PD[���o�� ����� ����� ���� ����� �������o�� ����� ����� ����� ����� �������o�� ����� ����� ����� ����� �������o�� ����� ����� ����� ����� �������o�� ���� ���� ����� ���� ������o�� ����� ����� ����� ����� �������o�� ����� ����� ����� ����� �����7DEOH����/LQH�XWLOLVDWLRQ�YDOXHV��±��658� ����
OLQH DQDO� DYHUDJH V��GHY� PLQ� PD[���o�� ����� ����� ����� ����� �������o�� ����� ����� ����� ����� �������o�� ����� ����� ����� ����� �������o�� ����� ����� ����� ����� �������o�� ���� ���� ����� ���� ������o�� ����� ����� ����� ����� �������o�� ����� ����� ����� ����� �����7DEOH����/LQH�XWLOLVDWLRQ�YDOXHV��±��658� ��
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