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A Fast Algorithm for High-Accuracy Frequency
Measurement: Application to Ultrasonic

Doppler Sonar
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Abstract—In an attempt to investigate the technical feasibility of
a CW Doppler sonar, we have examined a method of measuring low
velocities with a high-velocity resolution, or frequency resolution,
by use of a simple circuit configuration employing digital signal
processing technique. The following discussion presents the results
of the investigation. In the measuring method described below, the
fast Fourier transform (FFT) of undersampled data is calculated
and the Doppler shift is obtained by searching for a peak frequency
of the power spectrum. To achieve the intended frequency resolu-
tion of 1 Hz by FFT operation, measurement of data for a minimum
measuring period of 1 s is essential. If the sampling frequency is set
to 50 kHz, the number of samples obtained during the minimum
measuring period of 1 s would amount to 50 000. This is not prac-
tical in light of the time required for the FFT operation. To over-
come this problem, our new measuring method employs a decima-
tion technique for reducing the number of samples down to 1024
while maintaining a frequency resolution of about 1 Hz. This paper
describes how the processing time can be drastically reduced to
about 1/300th compared to the conventional technique by a combi-
nation of complex exponential functions, filtering and decimation,
and thereby indicates the possibility of real-time CW Doppler data
processing.

Index Terms—A/D, aliasing, CW, decimation, demodulation,
Doppler, FFT, FIR filter, I/Q, sampling, sonar, spectrum zooming,
undersampling.

I. INTRODUCTION

T HE DOPPLER sonar is a device for measuring the ve-
locity of a vessel based on the Doppler effect of ultra-

sonic waves. It is particularly useful in monitoring and con-
trolling the behavior of a huge vessel moving at low speeds
for preventing a collision and hard contact with berthing facili-
ties. In a typical demodulator of a conventional Doppler sonar,
an analog mixer converts the received signal to an intermediate
frequency (IF) and the resultant IF signal is subjected to fast
Fourier transform (FFT) operation. To achieve an improved fre-
quency resolution, we employed an undersampling technique
using a sampling A/D converter, instead of using the analog
mixer to shift, or down-convert, the received signal, together
with frequency spectrum zooming technique for processing a
Doppler shift signal [1]. In this method, the frequency band of
the desired signal was shifted so that the spectrum would be
centered on the zero frequency point by using a digital signal
processor (DSP) in which the desired signal was multiplied by
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a complex exponential function, and the frequency resolution
of 1 Hz was realized with a small number of data obtained by
decimation, thereby achieving a velocity resolution of 1 cm/s or
better. In this paper, we describe how frequency shift, filtering
and decimation techniques are combined to achieve simplifica-
tion of hardware, a reduction in memory capacity using the DSP
and an increase in processing speed.

II. UNDERSAMPLING

The use of a broad-band, high-speed sampling A/D converter
incorporating a sample-and-hold amplifier is widespread in re-
cent years [2], [3]. The sampling theorem states that the original
input signal can be reconstructed from sampled signal data if the
input signal is sampled at a frequency at least twice as high as
the highest frequency in the input signal. However, the under-
sampling technique is now widely implemented for a bandpass
signal, in which the input signal is sampled at a frequency lower
than the minimum sampling frequency required by the sampling
theorem [4]. The undersampling technique is also called as di-
rect IF sampling, sampling mixer, digital frequency converter,
super Nyquist sampling, digital baseband converter, IF down
conversion, harmonic sampling, and bandpass sampling. The
term “bandpass sampling” is commonly used in textbooks re-
lated to signal processing [5], [6].

Generally, if the original signal is undersampled, aliased
frequency components would overlap, making it impossible to
exactly reconstruct the original information. Overlapping of
the aliased frequency components can be avoided, however,
by properly selecting the sampling frequency, the bandwidth
of the input signal, and the highest frequency in the input
signal if the signal to be handled is a narrow-band signal. The
frequency band of the desired signal which is modulated to a
high carrier frequency can be shifted to a lower frequency band
by undersampling, without using the mixer. While the input
signal is sampled by using a single A/D converter in the method
described in this paper, the signal is converted to a complex
(I/Q: in-phase/quadrature) representation for improving the
frequency resolution. Re [7] showed how to recover the band-
pass signal through the minimum number of its samples. Rice
and Wu [8] showed that the I-component can be computed
by way of a Hilbert transform. The relationships between the
sampling frequency and lower/upper bandedge frequencies of
the spectral range were also presented. Rosenkranz [9] showed
a generalized quadrature sampling method.
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Fig. 1. Aliasing effect caused by real data sampling.

A. Advantages of Undersampling

A conventional receiver demodulator obtains a complex
signal by using two analog mixers. This configuration has
such problems as variations in the characteristics of individual
analog components, fluctuation of the characteristics due to
temperature changes, and their deterioration with the lapse of
time. If the input signal is directly undersampled by a single
A/D converter instead of the two analog mixers, it is possible
to reduce the number of analog components, simplify the
analog front-end circuit, and eliminate signal loss caused by
the analog mixers. Furthermore, induction noise caused by dc
offsetting can be eliminated, and leakage of the local frequency
component to associated circuits can be avoided. Particularly
significant advantages are that amplitude mismatching between
I- and Q-signals is completely eliminated and phase deviation
between the I- and Q-signals due to variations in thephase
shift can be disregarded.

B. Relationship Between Input Signal and Sampling Frequency

To clarify the relationship between the input signal and sam-
pling frequency, Fig. 1 illustrates how aliased components are

mapped by real data sampling under different conditions, in
which is the bandwidth of the input signal, is the max-
imum frequency in the input signal, and is the sampling
frequency. The frequency band of the input signal is gradually
changed to higher frequencies in Fig. 1(1)–(8) as depicted by
shaded patterns.

Fig. 1(1)–(4) shows cases where the input signal is sampled
at frequencies equal to or higher than twice the maximum
frequency in the input signal. In these cases, the usable fre-
quency band after sampling is same as the frequency band of
the input signal. Fig. 1(5)–(8) illustrates cases where the input
signal is sampled at frequencies lower than twice the maximum
frequency in the input signal, in which the usable frequency
band is shown by hatched patterns.

It would be noted from Fig. 1(5)–(8) that the aliased compo-
nents well represent the input signal without any overlaps even
when it is sampled at frequencies lower than twice the maximum
frequency in the input signal.

In the cases of Fig. 1(5)–(7), the aliased components in the
dc to band are inverted in frequency with respect to the
spectrum of the original signal.
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Fig. 2. Relationship between sampling frequency, signal bandwidth, and
maximum signal frequency essential to sampling for a bandpass signal.

Fig. 1(6) shows the case in which the same input signal as
depicted in Fig. 1(5) is sampled at , where

. Fig. 1(7) shows the case in which the center frequency
of the input signal is increased and the sampling frequency is set
to . Fig. 1(8) shows the case in which
the center frequency of the input signal is further increased. In
this case, the spectrum mapped in the dc to band is an
accurate reproduction of the original input signal, exhibiting no
frequency inversion, even though .

Whether the aliased components appearing in the dc to
bandare inverted in frequencywith respect to the frequencyspec-
trum of the original signal is determined by the number of aliases
that occur between the dc and the original signal. Frequency in-
version occurs in the baseband alias if the numberof aliases
including the original signal itself is an even number, while no
frequency inversion occurs if it is an odd number. When

(1)

the minimum sampling frequency can be set to .
Whether the frequency inversion occurs or not is determined

in the system design stage in which the bandwidth of the input
signal, the maximum frequency in the input signal, and the sam-
pling frequency are defined. The frequency inversion does not
pose a substantial problem, however. This is because whether
it occurs or not is known in the system design stage and, even
when it occurs, positive and negative frequency components of
spectrum data can be easily inverted by software-based digital
signal processing.

The relationship between the input signal bandwidth, the
maximum frequency in the input signal, and the sampling
frequency is depicted in Fig. 2 taking into account the fore-
going discussion. The shaded areas including thick solid lines
in Fig. 2 represent regions where allowable sampling operation
for the band-pass signal can be performed.

Fig. 3. Demodulator circuit of Doppler sonar.

The thick solid lines in Fig. 2 represent the minimum sam-
pling frequency required for a bandpass signal [10]. To make
the sampling frequency as low as possible, it is hereinafter as-
sumed that

(2)

in this paper [11], [12]. Expressing the transmitting (carrier) fre-
quency as , we obtain

(3)

When is an odd number, that is, when no frequency inversion
occurs in the baseband alias [see Fig. 1(8)]

(4)

Thus, we obtain the following relationship:

(5)

When is an even number, that is, when the frequency inver-
sion occurs,

(6)

However, if we use the following equation such that the value
of begins from zero [see Fig. 1(7)]:

(7)

Then, we obtain the following relationship:

(8)

III. PARAMETER SETTINGS FORCW DOPPLERSONAR

Taking into account the aforementioned relationships, we
consider a sonar system operating on a transmitting frequency
of about 450 kHz. To satisfy the relationships given by (1),
(2), and (8) above, it is here assumed that maximum input
signal frequency kHz, transmitting frequency

kHz, input signal bandwidth kHz, and
sampling frequency kHz .

Shown in Fig. 3 is an example of a receiver demodulator cir-
cuit of a CW Doppler sonar.

Fig. 4 shows the frequency spectrum of the received echo
signal.
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Fig. 4. Spectrum of received echo signal.

Fig. 5. Frequency spectrum after undersampling.

Fig. 6. Discrete frequency spectrum obtained by FFT.

When the signal shown in Fig. 4 is digitized by the under-
sampling operation, a frequency-inverted spectrum appears in a
frequency range of 0.0 to 25.0 kHz as depicted in Fig. 5 since
the number of aliases , which is an even number.

The digital signal produced by the above undersampling
process is entered to the DSP and the FFT operation is per-
formed on samples. The result is a discrete frequency
spectrum as shown in Fig. 6.

It is to be noted that discrete frequency corresponds
to the zero Doppler shift frequency. Since the frequency spec-
trum is inverted, discrete frequencies 0 to correspond
to positive frequencies while discrete frequencies to

correspond to negative frequencies.
To achieve the intended frequency resolution of 1 Hz, the

measuring period for obtaining the input data to be subjected
to the FFT operation must be at least 1 s. This means that it is es-
sential to constantly store the sampled data for a period of 1 s or
more. In other words, if it is desired to achieve a frequency reso-
lution of 1 Hz or better from 2 samples (where is an integer),
the FFT operation must be performed on 65 5362 samples
per second since the sampling frequencyis 50.0 kHz. More
precisely, the frequency resolution achieved when the number
of FFT samples is 65 536 is Hz.

Fig. 7. Frequency spectrum zooming.

Fig. 8. Spectrum zooming by decimation. (a) The spectrum obtained after
the spectrum inversion has been eliminated by 37.5-kHz frequency shift.
(b) The spectra obtained after lowpass filtering. (c) The spectra obtained after
subsequent decimation.

IV. FREQUENCYSPECTRUMZOOMING

It is impractical in actual applications to perform the FFT
operation on 65 536 samples or more in the light of computa-
tion time and memory capacity. Here, the frequency spectrum
zooming technique is employed to reduce the number of sam-
ples to be subjected to the FFT operation while maintaining the
same frequency resolution as would be achieved by performing
the FFT operation on the 65 536 samples.

When the number of FFT samples is reduced by decimation,
the spectrum is expanded about its zero frequency point. Thus, if
the 12.5kHz point of the spectrum shown in Fig. 5, which cor-
responds to the zero Doppler shift frequency point, is shifted
to the zero frequency point of the spectrum and sample data
thus shifted is decimated, the desired frequency spectrum is ex-
panded. Here, we consider a case where a spectral range cen-
tered on 37.5 kHz is shifted by 37.5 kHz to eliminate spectrum
inversion.

A. Frequency Spectrum Shifting

The frequency spectrum obtained by the Fourier transform of
a sequence of data sampled at the sampling frequency
is given by

(9)

Given the discrete complex exponential function

(10)
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Fig. 9. Decimation by digital filter.

Fig. 10. Frequency spectrum shifting of A/D-converted data.

the frequency spectrum obtained by multiplying the data se-
quence by the discrete complex exponential function
is

(11)

Equation (11) indicates that the frequency spectrum has
been shifted, or translated along the frequency axis.

Here, the discrete angular frequency is

(12)

where is an integer according to (5). Also from (8), we obtain

(13)

In the case of (12), the discrete complex exponential function
takes only the following four values regardless of the value

of :

n=4m
n=4m+1
n=4m+2
n=4m+3

(14)

where is an integer.
When (13) is used,

n=4m
n=4m+1
n=4m+2
n=4m+3

(15)

It is recognized from the relationship between (14) and (15)
that it is not necessary to actually perform multiplication of the

Fig. 11. Relationship between complex-valued data after frequency spectrum
shifting and filter coefficients.

A/D-converted data by the complex exponential function for
shifting the frequency spectrum.

In our alternative method, the shifting of the frequency spec-
trum is achieved by carrying out the following operations in-
stead of performing multiplication. If the value of is nega-
tive, the plus/minus sign of the A/D-converted data is inverted.
If the value of is real, the A/D-converted data is stored in
a real data memory area for holding real parts and a zero is set
in an imaginary data memory area for holding imaginary parts.
On the contrary, if the value of is imaginary, a zero is set in
the real data memory area and the A/D-converted data is stored
in the imaginary data memory area.

The frequency spectrum after undersampling is inverted in
our example shown in Fig. 5. The inverted spectrum can be au-
tomatically returned to its original form by using (15) as the
discrete exponential function.

B. Decimation [13]

Here, is the original sampled sequence of discrete data.
Let represent a decimated data sequence obtained by ex-
tracting only every th sample of the sequence . There ex-



10 IEEE JOURNAL OF OCEANIC ENGINEERING, VOL. 27, NO. 1, JANUARY 2002

Fig. 12. Relationship between A/D-converted data, complex-valued data, and filter coefficients.

ists the following relationship between the sequences and
:

(16)

Expressing the Fourier transforms of the sequences and
as and , respectively, we obtain

(17)

One can recognize from (4) to (9) that the spectrum has been
expanded by a factor of along the frequency axis. If, how-
ever, the frequency components of the original discrete data se-
quence are not bandlimited to satisfy , decima-
tion will introduce aliasing. In this case, the original spectrum
should usually be bandlimited by a lowpass filter prior to the
decimation process to avoid aliasing.

Fig. 7 is a block diagram showing a sequence of operations for
frequency spectrum zooming including a software mixer (fre-
quency shifting), lowpass filtering, decimation, and FFT opera-
tion.

Fig. 8(a)–(c) shows changes in the spectrum pattern caused
by the process of Fig. 7.

Fig. 8(a) shows the spectrum obtained after the spectrum
inversion has been eliminated by a 37.5-kHz frequency shift.
The data is lowpass-filtered prior to decimation to avoid aliasing.
Spectra obtained after lowpass filtering and after subsequent
decimation are depicted in Fig. 8(b) and (c), respectively. It
can be seen from Fig. 8(a)–(c) that the real-valued sample data
having a symmetrical spectrum are converted to complex-
valued data having a single spectrum which falls in the sam-
pling frequency band.

To achieve high-speed bandlimiting lowpass filtering and
decimation operations with high efficiency when the decima-
tion rate is , these operations are to be performed on the real
and imaginary parts of every th filter input only.

Fig. 9 is a block diagram illustrating a process of performing
the filtering operation, skipping intermediate filter inputs,
where represents the filter length.

V. HIGH-SPEEDPROCESSING

When the frequency spectrum is shifted by multiplying it by
the complex exponential function, every second real part, and
every second imaginary part, of the complex-valued data pro-
duced by the multiplication are zero-valued as shown in Fig. 10.

Fig. 11 depicts the relationship between the complex-valued
data after frequency spectrum shifting and filter coefficient, in
which the filter length is an odd number.

Since multiplication of the filter coefficient by zero data does
not affect the result of the filtering operation, it is possible to
carry out the filtering operation without using any filter coeffi-
cient for the zero data. Therefore, the filtering operation can be
performed by using the filter coefficients taken from a series of
original filter coefficients alternately for the real and imaginary
parts. This helps reduce execution time of the hardware and/or
the software-based filtering operation by nearly half.

Based on the foregoing, the relationship between the
A/D-converted data, the complex-valued data after frequency
spectrum shifting, and the filter coefficient is shown in Fig. 12.

The same multipliers of the complex exponential function
recur for successive sets of four samples. Thus, if the deci-

mation rate is set to an integer multiple of 4, it is possible to
multiply the filter coefficient by the complex exponential func-
tion beforehand. Then, it becomes possible to perform the fil-
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Fig. 13. A/D-converted data and filter coefficients for simultaneous execution of frequency spectrum shifting.

Fig. 14. Demodulation procedure and memory requirements. (a) Conventional
sequence of the frequency spectrum shifting, filtering, and decimation
operations. (b) Proposed sequence by the single filtering operation.

tering operation by directly multiplying the A/D-converted data
by the filter coefficient as shown in Fig. 13.

Consequently, the frequency spectrum shifting, filtering, and
decimation operations can be all together replaced by a single
filtering process.

VI. DEMODULATION PROCEDURE AND MEMORY

REQUIREMENTS

Since frequency spectrum shifting, filtering, and decimation
operations are performed in a single process, it is possible not
only to execute mathematical operations, which have conven-
tionally been performed separately, in a minimum of time, but
also to eliminate excess memories for storing data derived from
the individual operations. Fig. 14 illustrates operating proce-
dures and memory requirements, in which Fig. 14(a) shows
the case where the frequency spectrum shifting, filtering, and
decimation operations are performed separately, and Fig. 14(b)
shows the case where these operations are performed by the
single filtering process.

The aforementioned one-time execution of the frequency
spectrum shifting, filtering, and decimation operations permits
us to take advantage of oversampling by sampling the data at
relatively high frequencies where undersampling is possible.
This also makes it possible to reduce quantization noise caused
by the sampling operation.

VII. CONCLUSION

We have examined the undersampling technique, wherein
the echo signal containing the carrier frequency component
from a transducer is A/D-converted and directly demodulated
without using the mixer, and demonstrated the possibility of
using this undersampling technique in frequency measurement
by the Doppler sonar. To achieve this by hardware and DSP
software, we have also examined the feasibility of a real-time
system for high-accuracy CW Doppler frequency measurement
with a simple configuration which performs the single filtering
process combining the complex exponential function, filtering,
and decimation operations.

Since the receiver demodulator proposed in the present paper
can also be used in pulse-Doppler measurement, it is applicable
to conventional pulse-Doppler algorithms as well without any
change in the proposed circuit configuration.
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